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EDITORIAL
The first paper is “New Transformer Procurement Concepts in Times 
of High Uncertainty and Market Instability”. The concept of standard 
transformer design defined in this paper has proven to be a successful 
strategy at SP Energy Networks to place orders for power transformers 
early enough to ensure that the business capital investment plans can 
be implemented according to the agreed programs and that price un-
certainties and the associated commercial risks are appropriately shared 
between manufacturer and purchaser. This approach and its repeata-
bility, together with a stable supplier base, help to shorten tendering 
timescales in multiple tender event situations and reduce resource de-
ployment requirements, not only at the tendering stage but potentially 
also in the subsequent evaluation of equipment and substation deve-
lopment after contract award.

The second paper is “Hybrid Analytical-FEM Approach for Power Tran-
sformer Transient Analysis”. The paper presents a novel high-frequency 
model to accurately predict the transient behavior of transformer win-
dings down to the turn level. It uses lumped RLC parameters that are 
analytically derived and solved in the time domain. To increase the accu-
racy, correction factors derived from numerical simulations are included. 
Validation is carried out by measurements on a disk winding of a power 
transformer. The capacitances are estimated analytically using correc-
tion factors from 2D FEM, while the inductances and resistances are 
calculated analytically, neglecting the permeable core for high-frequency 
transients. This approach enables fast calculations, even for complex 
winding geometries, so that it can be used in the design of transformers, 
with parameter calculations taking only seconds and time domain calcu-
lations taking only tens of seconds.

The third article is entitled “Measurement Uncertainty in On-line Bushing 
Monitoring”. Recent monitoring units show that the uncertainty of station 
voltage measuring transformers significantly affects the overall uncerta-
inty budget, regardless of the measurement method used. Correcting 
network unbalance, either by separate voltage phase measurements or 
by phasor techniques, significantly improves the assessment of the di-
electric dissipation factor (tgδ) and capacitance factor (C) of bushings. 
Effective correction of power network unbalance is crucial for reliable 
results when assessing bushing condition in online monitoring systems. 
Calibration is essential to offset constant errors introduced by individual 
system components. In addition, the uncertainties of the voltage tran-
sformer parameters and temperature effects must be taken into account 
when defining the uncertainty budget. These measures ensure the accu-
racy and reliability of high voltage bushing insulation indicators in online 
monitoring systems.

The fourth paper is “Improving the Reliability of Online Bushing Moni-
toring”. This paper addresses the widespread problem of bushing fa-
ilures in power transformers and proposes methods to mitigate such 
failures through online monitoring. A technique is presented that com-
pares the bushing leakage currents of different transformers connected 
to the same busbars. This is intended to solve problems arising from 
unreliable measurement results due to grid voltage imbalances or frequ-
ent transformer outages. This method has several improvements over 
the conventional three-phase bank approach. It offers higher reliability 
and significantly faster response times and enables the measurement 
of the temperature dependence of the power factor - a potential early 
indicator of moisture ingress into bushings. Compared to alternative re-
ference methods, it boasts lower complexity and lower implementation 
costs, while allowing for straightforward upgrades to existing monitoring 
systems.

The last article is entitled “Is Nuclear Fusion Losing the Race with Glo-
bal Warming?”. Nuclear fission, a proven technology, is a viable solution 
to mitigate the effects of climate change until fusion energy becomes 
commercially viable. While the authors are optimistic about the potential 
of nuclear fusion, they argue for a realistic assessment of the timefra-
me. In the meantime, it is important to use emission-free sources such 
as safe nuclear fission under the supervision of the IAEA. Solar energy, 
including ocean heat, should be developed more independently of the 
day-night cycle. The proposal to build one hundred nuclear fission 
power plants by 2034-2063/65 shows the potential for rapid progress 
in combating global warming. Advanced nuclear fission power plants 
could provide a valuable head start in the race against climate change 
if nuclear fusion is delayed. Given the urgency, decision-makers need 
to allow for a preparation time of at least several years, preferably no 
shorter than five years before 2055, in case fusion proves unachievable 
within a reasonable timeframe.

Igor Kuzle 
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New Transformer Procurement Concepts in Times of 
High Uncertainty and Market Instability

Jose Quintana, Wilson Smith, Mateja Cepin

Summary — New and proactive strategies are required in utilities 
and other transformer purchasers to ensure delivery of transformer 
capital investment plans in the current times of market saturation 
and various supply chain issues. Close collaboration with suppliers 
and adaptative and flexible engineering and commercial initiatives 
need to be implemented from as early stage in the project lifecycle 
as definition of requirements and tendering. This paper presents 
the strategy adopted by SP Energy Networks, and one of their main 
suppliers of power transformers, Kolektor Etra, in this regard.

Keywords — Transformer, Procurement, Standardisation, CPA, 
supply chain

I. Introduction

Traditional procurement strategies in the area of power tran-
sformers have been proven to be no longer adequate to facili-
tate delivery of capital investment plans in the current clima-

te of market saturation and various supply chain issues. Increasing 
demand worldwide in order to facilitate the green energy transition 
plans defined by the different national governments or institutions 
compounded by the multiple and unique market disruptive events 
that have been experienced in the recent years (i.e. COVID-19, 
Ukraine/Russia conflict, expansion of other related manufacturing 
industries…) have placed the power transformer industry supply 
chain under significant strain. Unit costs and lead times for power 
transformers have been seen to more than double in the shorter 
space of less than a year. These significant changes in the market 
environment need to be acknowledged by purchasers and manu-
facturers equally and adaptative and flexible approaches put in pla-
ce in order to mitigate commercial and project delivery risks whilst 
maintaining quality standards and resilience of the equipment to be 
installed in the electricity networks. All the different areas associa-
ted with the procurement of new power transformers (i.e. technical 
specifications, supplier qualification, commercial requirements, 
project planning…) need to be included within this review and 
modification of current practices.

This paper provides an overview of the strategy adopted by SP 
Energy Networks, distribution and transmission network operator 
in the United Kingdom, and one of their main power transformer 
suppliers in the current period, Kolektor Etra from Slovenia.

II. Adaptative Strategies on Technical Areas
Review of transformer fleet and associated technical 

parameters

One of the main aspects influencing the efficiency of the power 
transformers procurement process is the degree of standardization 
achieved in the purchaser’s network. Situations where transfor-
mers are purchased on a one-off basis with individual technical 
specifications and ad-hoc requirements to suit specific network 
conditions, substation locations and/or installation environments 
require significant engineering efforts. This additionally multiplies 
the number of tender events required and variety of transformers 
included within, which translates into a higher workload for both 
purchaser and manufacturer during each individual tender event 
and slow down the overall process.

In order to minimise this type of situations, it is important that 
the purchaser carry out an upfront holistic review of its network 
requirements with the aim of optimizing the number of asset types 
required while still ensuring network performance and license 
obligations are fulfilled. This not only assists in tendering proce-
sses but on the overall fleet management (i.e. monitoring and cro-
ss-reference of sister units, business strategy on strategic spares…). 
Certain transformer design parameters are dictated by the historical 
network construction (i.e. voltage class, insulation levels, etc.) with 
not much possibility to deviate from. However, others offer a gre-
ater degree of flexibility and can be defined with an overall view 
of present and future needs in order to identify the most optimum 
set of requirements, not for each individual substation, but for 
the network as a whole. Example of these could be impedance, 
rated power, tapping range, sound power level, etc. Although it is 
possible to define these on a site-specific basis, it is also possible 
to undertake a commonality analysis with the aim of identifying a 
suitable set of requirements to encompass a larger number of po-
ssible applications, or at least, establish a limited number of set 
of requirements. Caution shall be applied not to select worst case 
scenario type characteristics as otherwise a large number of new 
transformers can end up being significantly overspecified with the 
associated commercial implications. Figure 1 shows a real example 
where the different impedance envelopes required for two different 
transformers were overlapped and a common compliance area 
identified across the more relevant tap positions. The two transfor-
mers could be specified with a single more restrictive impedance 
envelope, obtaining a one design fit both type of solution. This de-
sign could also be adopted in subsequent projects requiring this 
type of transformer. This has the associated commercial benefits of 
only one design cost, only one type test costs, only one civil and 
P&C design cost... Although this exercise seems simple, the tech-
nical feasibility of a more restrictive impedance envelope should 
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be discussed with the potential manufacturers, specially if allowa-
ble tolerances are narrower than those allowed by the applicable 
international standard. Similar case could be discussed in terms of 
specifying rated power. A selection of rated power requirements 
with adequate step increases (i.e. 60MVA, 90MVA, 120MVA, etc.) 
would be more efficient for a network operator than individually 
specifying based on current or forecasted site load (i.e. 52MVA, 
57MVA, 62MVA instead of 60MVA for all). Any cost premium 
derived from specifying a slightly higher rated power than required 
will be most likely offset by the efficiencies gain in design standar-
dization unless the step change is very significant. A cost-benefit 
analysis can be conducted to confirm that is the case.

Fig. 1. Example of overlapping impedance envelopes and common 
compliance area for the original 275/33kV 120MVA transformer 
replacement requirements at East Kilbride and Dewar Place substations

The purchaser may be tempted to follow a like-for-like 
approach on transformer replacement projects on the assumption 
that the existing transformer type is the best possible solution for 
the site in question. However, this may not necessarily be correct as 
network operating conditions and requirements may have changed 
during the lifetime of the asset now being replaced, meaning that a 
different selection may be more adequate. This is especially rele-
vant where the purchaser faces the replacement of legacy transfor-
mer types, with only a small number installed in the network and 
that are no longer purchased for new substations. In these cases, 
it is even more advisable to carry out the previously mentioned 
holistic review to try to progressively remove these legacy types of 
transformers from the network. However, in certain situations this 
may require a complete re-design of the network in the specific 
area where these legacy types can be found, including network 
voltage upgrades/downgrades, circuit reconfiguration, substation 
removal and relocation, etc. As an example, in SP Energy Networ-
ks the 132/33kV 45MVA legacy transformer type (6 units in total) is 
planned to be replaced, once end of life conditions reached, with a 
standard 132/33kV 60MVA transformer type as purchase cost diffe-
rential in this case is considered to be offset by the standardisation 
related savings.

In the particular case of SP Energy Networks, as outcome of 
this holistic network review exercise and standardisation strategy, a 
standard list of transmission class transformer types was produced, 
and all key associated electrical parameters specified (i.e. voltage 
class, insulation levels, rated power, impedance envelope, tapping 
range, etc.). This list comprises 5 off types of 400kV and 275kV au-
totransformers and 11 off types of 275kV and 132kV double-wound 
transformers. It shall be mentioned this list is not rigid, and there 
may be situations where special requirements for a particular site 
may arise, and the associated transformers have to be facilitated. 
However, the simple fact of deviating from the standard transformer 
types imposes the need for adequate technical justification to be pre-
sented and agreed with all relevant stakeholders within the business.

It is appreciated that the standardization strategy explained 
above may be more applicable to network operators than other po-
tential type of purchasers (i.e. industrial customers, renewable sec-
tor, etc.) due to the larger volume of assets in ownership. However, 
the same principles and logic can be still applied with the required 
adjustment to the scale of the fleet and the specific business ope-
rating environment.

A. Standard Transformer Concept
This standardisation exercise, defining the main types of tran-

sformers required, is the first stage to minimize the number of ten-
der events required to meet business needs. However, within each 
individual transformer type, there may be multiple variants asso-
ciated to accommodate the transformers into the different substati-
ons they have been ordered for. On green field type substation pro-
jects or substation extension projects, the flexibility at substation 
design phase is such that alignment with modern design practices 
and use of the most optimum, both technically and commercially, 
transformer design is possible. However, on existing substations 
with in-situ transformer replacements projects, or where extension 
of the substation platform is not possible, the available layout is 
already given, and additional site-specific requirements need to be 
considered into the project specification. This may translate into a 
single transformer type having different constructional variants to 
suit project specific requirements. There may be situations where 
these additional requirements drive a fundamental change of the 
transformer electrical design (i.e. very restrictive footprint dimen-
sions which require re-design of the active part, use of alternative 
insulating fluids due to fire risk or environmental reasons, very re-
strictive sound power levels due to site sensitivity, etc.). However, 
in the majority of cases, the changes required are either mainly 
related to the external layout and disposition of elements (i.e. se-
parate cooler bank vs. tank-attached radiators, cable or open air/oil 
bushings connection, requirement of additional online monitoring 
devices, etc.) or associated with the protection schemes (i.e. CT 
specifications).

In this second group of site-specific requirements, the electri-
cal design of the transformer remain the same and as such the ove-
rall design of the transformer remains fundamentally the same. In 
the past, the Procurement strategy followed in SP Energy Networ-
ks required the transformers to be individually specified for each 
individual substation project for tendering, so that all details and 
requirements were defined before issuing the tender enquiry to the 
market. This represents an issue in the current climate where the 
strain on the power transformer supply chain requires all orders 
to be placed well in advance of the actual delivery dates. As an 
illustrative figure, lead times for 132kV voltage class power tran-
sformers have on average increased from 8 months to 20+ months. 
Unfortunately, in many cases it is not possible to finalise the full 
substation design process, which will identify all site-specific requ-
irements for the transformer, that far in advance.

In order to overcome this situation, and with the aim to de-co-
uple, to an extent, the substation design process from the transfor-
mer ordering process, the standard transformer design concept was 
adopted in SP Energy Networks. For each transformer type, a set 
of requirements, which would normally be site specific, are defined 
assuming modern substation design practices can be applied and 
considering the lowest cost option for each of the requirements. 
For each transformer type, these requirements are as follows: tank-
attached radiators; oil/air HV and LV bushings, no support brac-
kets for tank-mounted surge arresters, standard CT specification, 
single gas online DGA monitoring device, and no winding hot-spot 
fibre optics monitoring device. A transformer type with these cha-
racteristics will be considered a standard transformer design for a 
generic SP Energy Networks substation and is what asked to price 
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against in a tender event. This would represent the minimum cost 
option for a transformer compliant with SP Energy Networks spe-
cifications and requirements.

This alone represents a significant reduction in tender timesca-
les as no longer is necessary to finalise the full substation design 
before going out to the market. Depending on internal governan-
ce processes of each purchaser, this can translate into almost a 
full year reduction in tendering timescales, which in turn allows 
suppliers to secure manufacturing slots far earlier to compensate 
for extended lead times.

B. Flexibility Mechanisms
However, as previously explained, the standard design concept 

may not be suitable for all sites in real life. This can be managed by 
the use of optional elements. All requirements that would normally 
be site specific, but that have been defined as part of the standard 
design concept, will be listed separately and tenderers advised that 
other possible options may be selected at the time of order. For 
example, three off the same transformer type are required to be 
ordered for three different substations, all defined as a standard de-
sign at the time of tender, but after finalization of the full substation 
design, it is determined two of them require a separate cooler bank 
rather than tank-attached radiators, and the pipework orientation 
and distance between main tank and cooler bank are different for 
each one. This information is not critical to be known at the time 
of tender as the fundamental transformer design remains the same, 
and can be provided at a later stage, after contract award and prior 
to commencement of the detailed design activities at the manu-
facturer side. As a separate cooler bank represents an additional 
cost compared to the requirement of the standard design concept, 
this would need to be managed and controlled. Firstly, by reque-
sting prices for the optional items at time of tender, so that these are 
presented in advance, and secondly, by engaging and making the 
situation clear to the relevant project managers of the involved 
projects so that contract variations can be agreed to manage the 
commercial side. Figure 2 shows as an example the design propo-
sal from Kolektor Etra for the case above, where the same 275kV 
voltage class transformer design, including main tank mechanical 
design, could be employed with either tank-attached radiators or 
separate cooler bank arrangements.

This type of strategy also assists in achieving design efficienci-
es, not only at the manufacturer side, but also at the purchaser side 
(i.e. standardization of civil and P&C arrangements, optimization 
of equipment assessment activities in terms of design reviews and 
type testing, etc.) and also facilitate a higher degree of interchan-

geability. For example, there may be situations where multiple 
transformers of the same type are on order with the same manu-
facturer. If the only differences across these relate to the optional 
items listed above, these would be easily interchangeable between 
projects which allows a more efficient use of the manufacturing 
capacity by swapping manufacturing slots where project delays are 
communicated, which in turn also reduces potential storage costs 
for the purchaser.

Another element of the standard design concept is the use of a 
generic substation location for pricing purposes. At the time of ten-
der, especially on green field type substation projects, the substati-
on location may not have been defined yet, and even if it has, the 
access route to it may not have been built. This makes pricing for 
transport and delivery especially complicated and time consuming 
for the manufacturer that will quite likely need to make assumpti-
ons and increase their risks provisions for any potential eventuality 
that may be faced. This eventually translates into an increased price 
for the purchaser, that may or may not materialize in real terms, but 
whose costs will be incurred regardless. In order to mitigate these 
transport related risks for both parties, a generic substation location 
can be defined which will be representative of a typical location 
and will be the basis of the commercial offer. In order for this 
approach to be satisfactory, a good and close working relationship 
between manufacturer and purchaser is required so that final actu-
al costs are as transparent as possible and are truly reflective of 
the costs incurred by the transformer manufacturer. This approach 
has the disadvantage of leaving an open-ended cost that in certain 
situations can be quite significant, particularly for remote locations 
or locations where there is not an already existing suitable route. It 
may not be possible to anticipate these costs in advance without de-
tailed route surveys, which may represent a risk for project budget 
and programme and should be considered on an individual basis.

C. De-Coupling Technical and Commercial 
Tender Phases

The standard design concept approach can also have long-term 
advantages in case of multiple tender events. As both transformer 
types and standard requirements are defined and fixed, the techni-
cal offers and design proposals submitted by the manufacturers 
can be re-utilised at multiple tender events. Assuming there are 
no fundamental changes in the purchaser technical specifications, 
and/or in the applicable international standards and regulations, 
and that there has not been any critical update in the manufacturer 
design policies or manufacturing techniques, the tender technical 
proposals would continue remaining valid from one tender event 

Fig. 2. Illustration of the flexibility achieved by the standard design concept to accommodate different cooling arrangements
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that there has not been any critical update in the manufacturer design policies or manufacturing techniques, the tender 
technical proposals would continue remaining valid from one tender event to the following. This has resource saving 
advantages for both parties, i.e. the manufacturer do not need to prepare a design proposal in each tender event, and 
the purchase do not need to assess compliance of the same in each tender event. This allows the purchaser to build a 
catalogue of technically compliant proposals on the very first tender event that can be referred to in future enquiries so 
that the actual tender exercise is limited to a commercial phase. Depending on internal governance processes of each 
purchaser, this can translate into 4-6 months reduction in tendering timescales although a significant effort is required 
on the very first tender event to build the mentioned catalogue. Where there are significant changes in purchaser 
technical specification or manufacturer design practices, the whole process would need to be repeated. Figure 3 
illustrates the basic stages of a standard transformer design concept-based procurement process. This approach is also 
very effective in urgent purchases type scenarios to replace faulted transformers where strategic spare units are not 
available.  
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to the following. This has resource saving advantages for both par-
ties, i.e. the manufacturer do not need to prepare a design proposal 
in each tender event, and the purchase do not need to assess com-
pliance of the same in each tender event. This allows the purchaser 
to build a catalogue of technically compliant proposals on the very 
first tender event that can be referred to in future enquiries so that 
the actual tender exercise is limited to a commercial phase. Depen-
ding on internal governance processes of each purchaser, this can 
translate into 4-6 months reduction in tendering timescales altho-
ugh a significant effort is required on the very first tender event to 
build the mentioned catalogue. Where there are significant changes 
in purchaser technical specification or manufacturer design practi-
ces, the whole process would need to be repeated. Figure 3 illustra-
tes the basic stages of a standard transformer design concept-based 
procurement process. This approach is also very effective in urgent 
purchases type scenarios to replace faulted transformers where 
strategic spare units are not available. Manufacturer 

Fig. 3. Simplified flowchart of a standard transformer design concept 
based procurement process

III. Adaptative Strategies on Commercial Areas

A. Contracting Model
The standardisation exercise described in the previous secti-

ons, alongside establishing a closer relationship with other key 
stakeholders in the business, in order to understand longer-term 
requirements, and the de-coupling of technical and commercial 
tender phases, have all assisted in developing SP Energy Networks 
contracting model and tendering processes to adjust to the current 
market conditions.

Competition is an underlying principle in procurement policy, 
and widely acknowledged to be a key enabler of value for money. 
It helps the purchaser to secure the goods and services it requires 
at the right price and quality and is the best way of demonstrating 
probity in the award. The practice of acting ethically and fairly to 
all suppliers and stakeholders, allows the purchaser to comply to 
the procurement processes according to the tender requirements, 
set criteria, standards, or principles and to ensure adherence with 
purchaser’s policies and rules.

The tendering process is a structured process, which is fair 
and transparent and includes a defined selection process with clear 
award criteria. By de-coupling technical and commercial tender 
phases, it is possible to simplify the award criteria to purchase pri-
ce, or other defined lifetime cost calculation mechanisms, i.e. total 
cost of ownership (TCO) which accounts for losses capitalisati-
on during the lifetime of the asset. This is achievable as technical 
evaluation of the offers would have been already performed in the 
previous phase of the process and reduces the formal tender event 
to a commercial phase only.

This contracting model makes the process repetitive, and con-
sequently provides the purchaser with a current and up to date 
view of market conditions in price, lead-times, and capacity. The 
purchasers may have limited influence on market conditions for 
this type of equipment, but it is extremely important for the ma-
nufacturers to understand the purchasers and have the flexibility 
to adapt accordingly. This repetitive process also makes possible 
to tender multiple times in short periods of time and have a high 
percentage of comparability to previous prices paid. This provides 
an important regular insight to market changes in price, lead-times, 
and capacity, which can lead to changes in tendering strategies i.e., 
tendering earlier or later and budget forecasting.

In the current market conditions, it is extremely difficult to con-
tract on fixed price basis as used to be the traditional approach wit-
hin SP Energy Networks. This is primarily due to volatility of raw 
materials prices and other associated costs to the manufacturing 
process, further compounded by extended lead times and earlier 
placements of orders. Through negotiation with manufacturers, the 
implementation of price adjustment formulas (CPA), incorpora-
ting not only traditional raw materials in transformer manufactu-
ring (magnetic steel, conductor material, etc.), but also some other 
volatile costs (insulating liquid, transport, etc.), resulted in a better 
distribution of uncertainties, and optimization of risk provisions, 
with the overall outcome of a more reasonable unit price for the 
purchaser and a lowest financial risk to the manufacturer. Howe-
ver, as it may be difficult to predict the point in time at which all 
these factors stabilise, it may be advisable to allow manufacturers 
to offer multiple pricing (i.e. fixed vs. CPA) with their associated 
conditions for the purchaser to evaluate.

Flexible contracting model makes possible to spread purcha-
sing decisions over time and aligned to an agreed strategy to take 
advantage of movements in the market. This involves adapting to 
changing requirements, collaborating with manufacturers and sta-
keholders based on feedback and learning.

In conjunction with the tendering process, the purchaser sho-
uld consistently monitor and asses the bidders on aspects such as 
financial risk, audit & insurance, management systems, accident 
rates, human rights, equality, diversity, sustainability, ethics and 
governance.

Additionally, a number of aspects following award decision 
shall be also considered as key enablers to facilitate an efficient and 
agile contract award process. A stable supplier base together with 
consistent set of legal and commercial requirements make possible 
to pre-agree a number of elements that, despite requiring final con-
firmation on each individual award, will fast-track these last stages 
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Figure 3: Simplified flowchart of a standard transformer design concept based procurement process 
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Competition is an underlying principle in procurement policy, and widely acknowledged to be a key enabler of value 
for money. It helps the purchaser to secure the goods and services it requires at the right price and quality and is the 
best way of demonstrating probity in the award. The practice of acting ethically and fairly to all suppliers and 
stakeholders, allows the purchaser to comply to the procurement processes according to the tender requirements, set 
criteria, standards, or principles and to ensure adherence with purchaser’s policies and rules. 
 
The tendering process is a structured process, which is fair and transparent and includes a defined selection process 
with clear award criteria. By de-coupling technical and commercial tender phases, it is possible to simplify the award 
criteria to purchase price, or other defined lifetime cost calculation mechanisms, i.e. total cost of ownership (TCO) 
which accounts for losses capitalisation during the lifetime of the asset. This is achievable as technical evaluation of 
the offers would have been already performed in the previous phase of the process and reduces the formal tender 
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date view of market conditions in price, lead-times, and capacity. The purchasers may have limited influence on 
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of the procurement process. This typically includes: total cost of 
ownership calculator; terms & conditions; security provisions; and 
escalation formulas (CPA) and indices. This also represents a key 
part of the process to stay ahead of the supply curve and deal with 
short proposal validity periods.

All the factors detailed in this section assist in completing 
the commercial aspect of a tendering process in a period of 4 - 6 
weeks, with notification and award taking a further 4 - 6 weeks. 
This significantly reduces the historical tendering time within SP 
Energy Networks and enables the business to commit to the ma-
nufacturers quickly securing the required manufacturing slots and, 
in instances, the benefit of fixed pricing against variable pricing. 
As illustration, with this process already set up, in early 2023 SP 
Energy Networks managed to purchase eleven large power tran-
sformers (132kV and above) on a full competitive tender process in 
8 weeks from issuing the enquiry to the market to obtaining inter-
nal authorization for award. In the past, with a traditional approach, 
this would have taken 6- 8 months assuming all substation design 
processes were completed to allow the tender to be initiated.

This significant reduction in time is also an advantage to manu-
facturers, as it closes tendering events very quickly with feedback 
offered on their proposal if unsuccessful for preparation in advance 
of the next tendering process.

IV. Conclusions
Procurement strategies in the area of power transformers sho-

uld be flexible enough to acknowledge and adapt to varying market 
conditions and ensure the most optimum solution, from technical, 
commercial and project delivery perspectives, is reached in each 
individual tender event. In the current environment of market satu-
ration and various supply chain issues, it is particularly important 
to simplify and streamline procurement processes and improve en-
gagement with key stakeholders within the purchaser business to 
clearly define long-term purchasing plans.

In achieving the above, decisions and strategies on the techni-
cal area play a key part as standardisation of transformer types, de-
coupling of substation design development and power transformer 
procurement, and simplification of design variants and site-speci-
fic requirements contributes significantly to reduce tender timesca-
les which assists to offset the increasing lead times currently offe-
red by the market. To mitigate against the possible rigidity of this 
approach, mechanisms can be built into the process to account for 
the particularities associated with each individual substation layout 
and/or installation considerations.

The standard transformer design concept defined in this pa-
per has been proven to be a successful strategy within SP Energy 
Networks to be able to place power transformer orders early 
enough to ensure the business capital investment plans can be 
delivered as per agreed programmes; and pricing uncertainties 
and associated commercial risks are reasonably shared between 
manufacturer and purchaser. This approach and its repeatability, 
together with a stable supplier base, further assists to shorten tender 
timescales in multiple tender event situations and reduce resource 
dedication requirements, not only at tender stage, but potentially 
at subsequent equipment assessment and substation development 
following contract award.
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Hybrid Analytical-FEM Approach for Power 
Transformer Transient Analysis
Bruno Jurišić, Zvonimir Jurković, Tomislav Župan, Mladen Marković

Summary — The paper describes a high-frequency model for tran-
sient calculation in transformer windings with segmentation on a 
turn level. The windings are represented by lumped RLC parameters 
given by the analytical approach, whereas the model is solved in the 
time domain. The accuracy of the analytical calculation is improved 
with correction factors obtained with a set of numerical calculations. 
The presented model is verified by measurements on the example of 
power transformer disc winding.

Keywords — transformer, transients, high-frequency model, in-
ductance, capacitance. 

I. Introduction

One of the key factors influencing the reliability and lifespan 
of power transformers is the quality and proper dimensi-
oning of their insulation. In addition to nominal voltages, 

power transformers are susceptible to overvoltages resulting from 
lightning strikes or switching operations. During such events, the 
dielectric stress in insulation can be significantly increased. A pro-
perly designed insulation must withstand the impulse voltages 
according to international standards [1]. To dimension insulation 
properly during the insulation design phase, overvoltages and 
voltages inside transformer have to be calculated using suitable 
models.

Internal transient overvoltages within power transformers are 
typically calculated using white-box high-frequency models [2]. 
In these models, the windings are represented by lumped RLC 
parameters, which are calculated using analytical or numerical 
methods [3]. After modeling the winding using RLC parameters, 
i.e. electrical circuit, the resulting system of Kirchhoff equations is 
solved, either in the time or frequency domain. In the high-frequ-
ency model, the windings are segmented into elements, which can 
range from the entire winding down to the level of individual discs 
or turns. In the proposed model, windings are modeled at the turn 
level, which increases the accuracy of the model and enables direct 
calculation of detailed distribution of voltage within the winding. 
According to the reference [4], the valid frequency range of the 
high-frequency model is related to the length of the segments. The 
length of the segment should be at least four times smaller than the 
wavelength that corresponds to the highest frequency. The radius 
of the power transformer winding is typically up to one meter. The-

refore, the valid frequency range of the proposed model is approxi-
mately 10 MHz.

The calculation of RLC parameters is presented in Section II. 
The segmentation of the windings on a turn level implies the calcu-
lation of inductances (self and mutual), resistances and capacitan-
ces for each winding turn. There can be over thousands of turns in 
transformer windings, so methods that enable fast calculation are 
used. Capacitances are calculated using the analytical formulas and 
correction factors based on numerous 2D FEM calculations [5]. 
The inductances are calculated using the semi-analytical approach, 
based on work presented in papers [6-7]. The expressions given 
in these papers do not include infinite series [8], complex mathe-
matical functions such as Bessel, Struve, and Legendre functions 
[9-10], or elliptic integrals [11]. Numerical integration, required in 
papers [6-7], is avoided by introducing the approximation of inte-
gral. The resistances, representing losses caused by skin and proxi-
mity effect, are calculated using the simple analytical formulas that 
can be found in the literature [12-13]. The model for magnetic field 
calculation, required for proximity loss calculation, is derived from 
Biot-Savart law. To validate the proposed model, a comparison is 
made against measurements conducted on the power transformer 
winding model, with details of the measurement setup shown in 
Section III and results presented in Section IV.

II. Transformer Model
The calculation of RLC parameters is presented in this section. 

The inductances and resistances are calculated using an air-core 
model that ignores the permeable core. This assumption is valid for 
calculation of high frequency overvoltages [4]. The capacitances 
are calculated using simple analytical formulas for plate capacitors 
and correction factors based on numerous 2D FEM calculations. 
After modeling the winding using the lumped RLC parameters, the 
nodal analysis in time domain is performed using the well-establis-
hed Dommel’s method [14]. 

A. Capacitance
The capacitances between winding turns are calculated using 

the approach presented in reference [5]. The turn-to-turn capacitan-
ces are calculated between adjacent turns with significant capaci-
tive coupling using simple analytical formulas for plate and cylin-
drical capacitors. Above-mentioned analytical formulas assume 
simplified geometry and homogeneous electric field which lead to 
inaccurate results. Therefore, correction factors, based on numero-
us 2D FEM calculations, are introduced to improve accuracy.

Permittivities of oil, paper and spacers are considered using the 
equivalent permittivity. It is important to emphasize that influence 
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of additional materials inside transformer winding, such as spacers, 
on overvoltage waveforms is not negligible.  

B. Inductance
The mutual inductance of two coaxial coils with rectangular 

cross-sections can be calculated as a linked flux in one coil, whe-
reas there is a current of one ampere in the other coil (source of 
magnetic flux). The linked flux can be calculated from vector ma-
gnetic potential using the expression:

(1)

whereas the vector magnetic potential is related to the sour-
ce current by integral of Green’s function for vector magnetic 
potential:

 (2)

The expression (2) can be applied to the axisymmetric geome-
try shown in Fig. 1. The current density 

that influence of additional materials inside transformer winding, such as spacers, on overvoltage waveforms is not 
negligible.   

 

B. Inductance 

The mutual inductance of two coaxial coils with rectangular cross-sections can be calculated as a linked flux in one 
coil, whereas there is a current of one ampere in the other coil (source of magnetic flux). The linked flux can be calculated 
from vector magnetic potential using the expression: 

𝜙𝜙𝜙𝜙 = �𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 , (1) 

whereas the vector magnetic potential is related to the source current by integral of Green’s function for vector magnetic 
potential: 

𝑨𝑨𝑨𝑨(𝒓𝒓𝒓𝒓) =
µ0
4𝜋𝜋𝜋𝜋

�
𝑱𝑱𝑱𝑱(𝒓𝒓𝒓𝒓′)

|𝒓𝒓𝒓𝒓 𝒓 𝒓𝒓𝒓𝒓′|
𝑨𝑨𝑨𝑨3 𝒓𝒓𝒓𝒓′ . (2) 

The expression (2) can be applied to the axisymmetric geometry shown in Fig. 1. The current density 𝑱𝑱𝑱𝑱 = 1𝐴𝐴𝐴𝐴
𝑆𝑆𝑆𝑆1

 (𝑆𝑆𝑆𝑆1 =
(𝑟𝑟𝑟𝑟2 𝒓 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 𝒓 𝑧𝑧𝑧𝑧1) is cross-section of first coil) inside first coil is integrated with respect to variables 𝑟𝑟𝑟𝑟, 𝑧𝑧𝑧𝑧, and 𝜑𝜑𝜑𝜑 to get 
the vector magnetic potential inside the region of the second coil. The vector magnetic potential inside the second coil is 
integrated with respect to variables 𝑅𝑅𝑅𝑅 and 𝑍𝑍𝑍𝑍 (due to axisymmetric geometry, integration with respect to 𝜑𝜑𝜑𝜑 comes down to 
multiplication by 2𝜋𝜋𝜋𝜋) and divided by cross-section of other coil 𝑆𝑆𝑆𝑆2 = (𝑟𝑟𝑟𝑟4 𝒓 𝑟𝑟𝑟𝑟3)(𝑧𝑧𝑧𝑧4 𝒓 𝑧𝑧𝑧𝑧3) to get the flux linkage of second 
coil, i.e. the mutual inductance between first and second coil. By combining the expressions (1) and (2), and the definition 
that the mutual inductance is equal to fluxed linked in one coil, whereas the current of one ampere is in the other coil, the 
following expression is obtained: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

�𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝑟𝑟𝑟𝑟𝑨𝑨𝑨𝑨𝑅𝑅𝑅𝑅𝑨𝑨𝑨𝑨𝑧𝑧𝑧𝑧𝑨𝑨𝑨𝑨𝑍𝑍𝑍𝑍𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑 . (3) 

where function 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑), for considered geometry, is given as  

𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) =
𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑)

�𝑟𝑟𝑟𝑟2 + 𝑅𝑅𝑅𝑅2 𝒓 2𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑) + (𝑧𝑧𝑧𝑧 𝒓 𝑍𝑍𝑍𝑍)2
. (4) 

In references [6-7], integral (3) is solved analytically with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. That function’s arguments 
are coils’ geometry parameters 𝑟𝑟𝑟𝑟1, 𝑟𝑟𝑟𝑟2, 𝑟𝑟𝑟𝑟3, 𝑟𝑟𝑟𝑟4, 𝑧𝑧𝑧𝑧1, 𝑧𝑧𝑧𝑧2, 𝑧𝑧𝑧𝑧3, 𝑧𝑧𝑧𝑧4, and azimuthal variable 𝜑𝜑𝜑𝜑. That function is denoted by 𝐺𝐺𝐺𝐺, 
whereas the arguments, except for the azimuthal variable 𝜑𝜑𝜑𝜑, are left out for the sake of conciseness. 

The goal is to obtain the approximation of integral: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑0
(5) 

in closed-form to enable calculation of L matrix on turn level in acceptable time range. Function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is equal to integral 
of 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. Detailed derivation of function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is given in [6-7]. 

A G function has a characteristic shape with the following properties: 
• The function has a maximum at point 𝜑𝜑𝜑𝜑 = 0 (from now on denoted as 𝐺𝐺𝐺𝐺0) and minimum at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋 (from 

now on denoted as 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋). 
• The function is monotonically decreasing. 
• Value of G function at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋

2
 is equal to zero. 

• Absolute value of 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 is smaller than 𝐺𝐺𝐺𝐺0. 

Examples of G function, for different geometries of coils, are shown in Fig. 2. Physically, G function with narrow shape 
of positive part of the function and small ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
 corresponds to the coils that are close to each other. By increasing the 

distance between coils, the shape of G function is closer to the cosine. The approximation of the integral of the G function 
assumes that the integral value can be correlated with the ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
. 

To get the approximation of integral (5), numerous calculations of G function’s integral, using expressions from paper 
[7], were performed. Then, integral value is expressed using the rational functions, where the coefficients of the numerator 
and denominator polynomials were obtained using the least squares method: 

 (S1 = (r2-r1 )(z2-z1)) 

is cross-section of first coil) inside first coil is integrated with res-
pect to variables r, z, and φ to get the vector magnetic potential in-
side the region of the second coil. The vector magnetic potential 
inside the second coil is integrated with respect to variables R and 
Z (due to axisymmetric geometry, integration with respect to φ co-
mes down to multiplication by 2π) and divided by cross-section of 
other coil S2= (r4-r3)(z4-z3) to get the flux linkage of second coil, i.e. 
the mutual inductance between first and second coil. By combining 
the expressions (1) and (2), and the definition that the mutual in-
ductance is equal to fluxed linked in one coil, whereas the current 
of one ampere is in the other coil, the following expression is 
obtained:

      (3)

where function Q(r,R,z,Z,φ), for considered geometry, is given 
as  

(4)

In references [6-7], integral (3) is solved analytically with res-
pect to variables r, R, z, and Z. That function’s arguments are coils’ 
geometry parameters r1, r2, r3, r4, z1, z2, z3, z4, and azimuthal variable 
φ. That function is denoted by G, whereas the arguments, except 
for the azimuthal variable φ, are left out for the sake of conciseness.

The goal is to obtain the approximation of integral:

(5)

in closed-form to enable calculation of L matrix on turn level in 
acceptable time range. Function G(φ) is equal to integral of Q(r, R, 
z, Z, φ) with respect to variables r, R, z, and Z. Detailed derivation 
of function G(φ) is given in [6-7].

A G function has a characteristic shape with the following 
properties:

• The function has a maximum at point φ=0 (from now on 
denoted as G0) and minimum at point φ=π (from now on 
denoted as Gπ).

• The function is monotonically decreasing.

• Value of G function at point 

that influence of additional materials inside transformer winding, such as spacers, on overvoltage waveforms is not 
negligible.   

 

B. Inductance 

The mutual inductance of two coaxial coils with rectangular cross-sections can be calculated as a linked flux in one 
coil, whereas there is a current of one ampere in the other coil (source of magnetic flux). The linked flux can be calculated 
from vector magnetic potential using the expression: 

𝜙𝜙𝜙𝜙 = �𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 , (1) 

whereas the vector magnetic potential is related to the source current by integral of Green’s function for vector magnetic 
potential: 

𝑨𝑨𝑨𝑨(𝒓𝒓𝒓𝒓) =
µ0
4𝜋𝜋𝜋𝜋

�
𝑱𝑱𝑱𝑱(𝒓𝒓𝒓𝒓′)

|𝒓𝒓𝒓𝒓 𝒓 𝒓𝒓𝒓𝒓′|
𝑨𝑨𝑨𝑨3 𝒓𝒓𝒓𝒓′ . (2) 

The expression (2) can be applied to the axisymmetric geometry shown in Fig. 1. The current density 𝑱𝑱𝑱𝑱 = 1𝐴𝐴𝐴𝐴
𝑆𝑆𝑆𝑆1

 (𝑆𝑆𝑆𝑆1 =
(𝑟𝑟𝑟𝑟2 𝒓 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 𝒓 𝑧𝑧𝑧𝑧1) is cross-section of first coil) inside first coil is integrated with respect to variables 𝑟𝑟𝑟𝑟, 𝑧𝑧𝑧𝑧, and 𝜑𝜑𝜑𝜑 to get 
the vector magnetic potential inside the region of the second coil. The vector magnetic potential inside the second coil is 
integrated with respect to variables 𝑅𝑅𝑅𝑅 and 𝑍𝑍𝑍𝑍 (due to axisymmetric geometry, integration with respect to 𝜑𝜑𝜑𝜑 comes down to 
multiplication by 2𝜋𝜋𝜋𝜋) and divided by cross-section of other coil 𝑆𝑆𝑆𝑆2 = (𝑟𝑟𝑟𝑟4 𝒓 𝑟𝑟𝑟𝑟3)(𝑧𝑧𝑧𝑧4 𝒓 𝑧𝑧𝑧𝑧3) to get the flux linkage of second 
coil, i.e. the mutual inductance between first and second coil. By combining the expressions (1) and (2), and the definition 
that the mutual inductance is equal to fluxed linked in one coil, whereas the current of one ampere is in the other coil, the 
following expression is obtained: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

�𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝑟𝑟𝑟𝑟𝑨𝑨𝑨𝑨𝑅𝑅𝑅𝑅𝑨𝑨𝑨𝑨𝑧𝑧𝑧𝑧𝑨𝑨𝑨𝑨𝑍𝑍𝑍𝑍𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑 . (3) 

where function 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑), for considered geometry, is given as  

𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) =
𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑)

�𝑟𝑟𝑟𝑟2 + 𝑅𝑅𝑅𝑅2 𝒓 2𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑) + (𝑧𝑧𝑧𝑧 𝒓 𝑍𝑍𝑍𝑍)2
. (4) 

In references [6-7], integral (3) is solved analytically with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. That function’s arguments 
are coils’ geometry parameters 𝑟𝑟𝑟𝑟1, 𝑟𝑟𝑟𝑟2, 𝑟𝑟𝑟𝑟3, 𝑟𝑟𝑟𝑟4, 𝑧𝑧𝑧𝑧1, 𝑧𝑧𝑧𝑧2, 𝑧𝑧𝑧𝑧3, 𝑧𝑧𝑧𝑧4, and azimuthal variable 𝜑𝜑𝜑𝜑. That function is denoted by 𝐺𝐺𝐺𝐺, 
whereas the arguments, except for the azimuthal variable 𝜑𝜑𝜑𝜑, are left out for the sake of conciseness. 

The goal is to obtain the approximation of integral: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑0
(5) 

in closed-form to enable calculation of L matrix on turn level in acceptable time range. Function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is equal to integral 
of 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. Detailed derivation of function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is given in [6-7]. 

A G function has a characteristic shape with the following properties: 
• The function has a maximum at point 𝜑𝜑𝜑𝜑 = 0 (from now on denoted as 𝐺𝐺𝐺𝐺0) and minimum at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋 (from 

now on denoted as 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋). 
• The function is monotonically decreasing. 
• Value of G function at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋

2
 is equal to zero. 

• Absolute value of 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 is smaller than 𝐺𝐺𝐺𝐺0. 

Examples of G function, for different geometries of coils, are shown in Fig. 2. Physically, G function with narrow shape 
of positive part of the function and small ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
 corresponds to the coils that are close to each other. By increasing the 

distance between coils, the shape of G function is closer to the cosine. The approximation of the integral of the G function 
assumes that the integral value can be correlated with the ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
. 

To get the approximation of integral (5), numerous calculations of G function’s integral, using expressions from paper 
[7], were performed. Then, integral value is expressed using the rational functions, where the coefficients of the numerator 
and denominator polynomials were obtained using the least squares method: 

 is equal to zero.

• Absolute value of Gπ is smaller than G0.

Examples of G function, for different geometries of coils, are 
shown in Fig. 2. Physically, G function with narrow shape of posi-
tive part of the function and small ratio 

that influence of additional materials inside transformer winding, such as spacers, on overvoltage waveforms is not 
negligible.   

 

B. Inductance 

The mutual inductance of two coaxial coils with rectangular cross-sections can be calculated as a linked flux in one 
coil, whereas there is a current of one ampere in the other coil (source of magnetic flux). The linked flux can be calculated 
from vector magnetic potential using the expression: 

𝜙𝜙𝜙𝜙 = �𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 , (1) 

whereas the vector magnetic potential is related to the source current by integral of Green’s function for vector magnetic 
potential: 

𝑨𝑨𝑨𝑨(𝒓𝒓𝒓𝒓) =
µ0
4𝜋𝜋𝜋𝜋

�
𝑱𝑱𝑱𝑱(𝒓𝒓𝒓𝒓′)

|𝒓𝒓𝒓𝒓 𝒓 𝒓𝒓𝒓𝒓′|
𝑨𝑨𝑨𝑨3 𝒓𝒓𝒓𝒓′ . (2) 

The expression (2) can be applied to the axisymmetric geometry shown in Fig. 1. The current density 𝑱𝑱𝑱𝑱 = 1𝐴𝐴𝐴𝐴
𝑆𝑆𝑆𝑆1

 (𝑆𝑆𝑆𝑆1 =
(𝑟𝑟𝑟𝑟2 𝒓 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 𝒓 𝑧𝑧𝑧𝑧1) is cross-section of first coil) inside first coil is integrated with respect to variables 𝑟𝑟𝑟𝑟, 𝑧𝑧𝑧𝑧, and 𝜑𝜑𝜑𝜑 to get 
the vector magnetic potential inside the region of the second coil. The vector magnetic potential inside the second coil is 
integrated with respect to variables 𝑅𝑅𝑅𝑅 and 𝑍𝑍𝑍𝑍 (due to axisymmetric geometry, integration with respect to 𝜑𝜑𝜑𝜑 comes down to 
multiplication by 2𝜋𝜋𝜋𝜋) and divided by cross-section of other coil 𝑆𝑆𝑆𝑆2 = (𝑟𝑟𝑟𝑟4 𝒓 𝑟𝑟𝑟𝑟3)(𝑧𝑧𝑧𝑧4 𝒓 𝑧𝑧𝑧𝑧3) to get the flux linkage of second 
coil, i.e. the mutual inductance between first and second coil. By combining the expressions (1) and (2), and the definition 
that the mutual inductance is equal to fluxed linked in one coil, whereas the current of one ampere is in the other coil, the 
following expression is obtained: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

�𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝑟𝑟𝑟𝑟𝑨𝑨𝑨𝑨𝑅𝑅𝑅𝑅𝑨𝑨𝑨𝑨𝑧𝑧𝑧𝑧𝑨𝑨𝑨𝑨𝑍𝑍𝑍𝑍𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑 . (3) 

where function 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑), for considered geometry, is given as  

𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) =
𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑)

�𝑟𝑟𝑟𝑟2 + 𝑅𝑅𝑅𝑅2 𝒓 2𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑) + (𝑧𝑧𝑧𝑧 𝒓 𝑍𝑍𝑍𝑍)2
. (4) 

In references [6-7], integral (3) is solved analytically with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. That function’s arguments 
are coils’ geometry parameters 𝑟𝑟𝑟𝑟1, 𝑟𝑟𝑟𝑟2, 𝑟𝑟𝑟𝑟3, 𝑟𝑟𝑟𝑟4, 𝑧𝑧𝑧𝑧1, 𝑧𝑧𝑧𝑧2, 𝑧𝑧𝑧𝑧3, 𝑧𝑧𝑧𝑧4, and azimuthal variable 𝜑𝜑𝜑𝜑. That function is denoted by 𝐺𝐺𝐺𝐺, 
whereas the arguments, except for the azimuthal variable 𝜑𝜑𝜑𝜑, are left out for the sake of conciseness. 

The goal is to obtain the approximation of integral: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑0
(5) 

in closed-form to enable calculation of L matrix on turn level in acceptable time range. Function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is equal to integral 
of 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. Detailed derivation of function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is given in [6-7]. 

A G function has a characteristic shape with the following properties: 
• The function has a maximum at point 𝜑𝜑𝜑𝜑 = 0 (from now on denoted as 𝐺𝐺𝐺𝐺0) and minimum at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋 (from 

now on denoted as 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋). 
• The function is monotonically decreasing. 
• Value of G function at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋

2
 is equal to zero. 

• Absolute value of 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 is smaller than 𝐺𝐺𝐺𝐺0. 

Examples of G function, for different geometries of coils, are shown in Fig. 2. Physically, G function with narrow shape 
of positive part of the function and small ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
 corresponds to the coils that are close to each other. By increasing the 

distance between coils, the shape of G function is closer to the cosine. The approximation of the integral of the G function 
assumes that the integral value can be correlated with the ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
. 

To get the approximation of integral (5), numerous calculations of G function’s integral, using expressions from paper 
[7], were performed. Then, integral value is expressed using the rational functions, where the coefficients of the numerator 
and denominator polynomials were obtained using the least squares method: 

 corresponds to the coils 
that are close to each other. By increasing the distance between 
coils, the shape of G function is closer to the cosine. The approxi-
mation of the integral of the G function assumes that the integral 
value can be correlated with the ratio 

that influence of additional materials inside transformer winding, such as spacers, on overvoltage waveforms is not 
negligible.   

 

B. Inductance 

The mutual inductance of two coaxial coils with rectangular cross-sections can be calculated as a linked flux in one 
coil, whereas there is a current of one ampere in the other coil (source of magnetic flux). The linked flux can be calculated 
from vector magnetic potential using the expression: 

𝜙𝜙𝜙𝜙 = �𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 , (1) 

whereas the vector magnetic potential is related to the source current by integral of Green’s function for vector magnetic 
potential: 

𝑨𝑨𝑨𝑨(𝒓𝒓𝒓𝒓) =
µ0
4𝜋𝜋𝜋𝜋

�
𝑱𝑱𝑱𝑱(𝒓𝒓𝒓𝒓′)

|𝒓𝒓𝒓𝒓 𝒓 𝒓𝒓𝒓𝒓′|
𝑨𝑨𝑨𝑨3 𝒓𝒓𝒓𝒓′ . (2) 

The expression (2) can be applied to the axisymmetric geometry shown in Fig. 1. The current density 𝑱𝑱𝑱𝑱 = 1𝐴𝐴𝐴𝐴
𝑆𝑆𝑆𝑆1

 (𝑆𝑆𝑆𝑆1 =
(𝑟𝑟𝑟𝑟2 𝒓 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 𝒓 𝑧𝑧𝑧𝑧1) is cross-section of first coil) inside first coil is integrated with respect to variables 𝑟𝑟𝑟𝑟, 𝑧𝑧𝑧𝑧, and 𝜑𝜑𝜑𝜑 to get 
the vector magnetic potential inside the region of the second coil. The vector magnetic potential inside the second coil is 
integrated with respect to variables 𝑅𝑅𝑅𝑅 and 𝑍𝑍𝑍𝑍 (due to axisymmetric geometry, integration with respect to 𝜑𝜑𝜑𝜑 comes down to 
multiplication by 2𝜋𝜋𝜋𝜋) and divided by cross-section of other coil 𝑆𝑆𝑆𝑆2 = (𝑟𝑟𝑟𝑟4 𝒓 𝑟𝑟𝑟𝑟3)(𝑧𝑧𝑧𝑧4 𝒓 𝑧𝑧𝑧𝑧3) to get the flux linkage of second 
coil, i.e. the mutual inductance between first and second coil. By combining the expressions (1) and (2), and the definition 
that the mutual inductance is equal to fluxed linked in one coil, whereas the current of one ampere is in the other coil, the 
following expression is obtained: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

�𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝑟𝑟𝑟𝑟𝑨𝑨𝑨𝑨𝑅𝑅𝑅𝑅𝑨𝑨𝑨𝑨𝑧𝑧𝑧𝑧𝑨𝑨𝑨𝑨𝑍𝑍𝑍𝑍𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑 . (3) 

where function 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑), for considered geometry, is given as  

𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) =
𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑)

�𝑟𝑟𝑟𝑟2 + 𝑅𝑅𝑅𝑅2 𝒓 2𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑) + (𝑧𝑧𝑧𝑧 𝒓 𝑍𝑍𝑍𝑍)2
. (4) 

In references [6-7], integral (3) is solved analytically with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. That function’s arguments 
are coils’ geometry parameters 𝑟𝑟𝑟𝑟1, 𝑟𝑟𝑟𝑟2, 𝑟𝑟𝑟𝑟3, 𝑟𝑟𝑟𝑟4, 𝑧𝑧𝑧𝑧1, 𝑧𝑧𝑧𝑧2, 𝑧𝑧𝑧𝑧3, 𝑧𝑧𝑧𝑧4, and azimuthal variable 𝜑𝜑𝜑𝜑. That function is denoted by 𝐺𝐺𝐺𝐺, 
whereas the arguments, except for the azimuthal variable 𝜑𝜑𝜑𝜑, are left out for the sake of conciseness. 

The goal is to obtain the approximation of integral: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑0
(5) 

in closed-form to enable calculation of L matrix on turn level in acceptable time range. Function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is equal to integral 
of 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. Detailed derivation of function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is given in [6-7]. 

A G function has a characteristic shape with the following properties: 
• The function has a maximum at point 𝜑𝜑𝜑𝜑 = 0 (from now on denoted as 𝐺𝐺𝐺𝐺0) and minimum at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋 (from 

now on denoted as 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋). 
• The function is monotonically decreasing. 
• Value of G function at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋

2
 is equal to zero. 

• Absolute value of 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 is smaller than 𝐺𝐺𝐺𝐺0. 

Examples of G function, for different geometries of coils, are shown in Fig. 2. Physically, G function with narrow shape 
of positive part of the function and small ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
 corresponds to the coils that are close to each other. By increasing the 

distance between coils, the shape of G function is closer to the cosine. The approximation of the integral of the G function 
assumes that the integral value can be correlated with the ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
. 

To get the approximation of integral (5), numerous calculations of G function’s integral, using expressions from paper 
[7], were performed. Then, integral value is expressed using the rational functions, where the coefficients of the numerator 
and denominator polynomials were obtained using the least squares method: 

.

To get the approximation of integral (5), numerous calculations 
of G function’s integral, using expressions from paper [7], were 
performed. Then, integral value is expressed using the rational 
functions, where the coefficients of the numerator and denomina-
tor polynomials were obtained using the least squares method:

Above-mentioned expressions can be used to calculate the self-
inductance. In that case, geometrical parameters are r3= r1+Δ, r4= 
r2+Δ, z3= z1+Δ, and z4= z2+Δ. Small displacement Δ is aded to avoid 
singularities, which are explained in papers [6-7]. In this paper, that 
displacement is Δ= 10-6.

Expressions for G0 and Gπ are given in papers  [6-7].

C. Resistance
The resistances in the proposed model include DC resistance, 

and AC resistances that represent losses due to skin and proximity 
effects. The resistance per unit length that takes skin effect into 
account is calculated using the expression [13]

where w and h are width and height of the conductor, respec-
tively. If the conductor consists of more separately insulated wires 
(e.g. continuously transposed conductor), resistance for each wire 
is calculated separately. The parameter σ is the electrical conduc-
tivity of conductor, and the parameter 

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑑𝑑𝑑𝑑𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑𝜑
≈ 𝐺𝐺𝐺𝐺𝜑

⎣
⎢
⎢
⎡0.008618 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

�
3

+ 9.711 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2

+ 159.6𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
+ 75.62

�𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
3

+ 35.03 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2

+ 131.3𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
+ 77.74

−
1.07𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

− 0.5949

�𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2
− 0.5201𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

− 0.002404⎦
⎥
⎥
⎤

. (6) 

Above-mentioned expressions can be used to calculate the self-inductance. In that case, geometrical parameters are 
𝑟𝑟𝑟𝑟3 = 𝑟𝑟𝑟𝑟1 + 𝛥𝛥𝛥𝛥, 𝑟𝑟𝑟𝑟4 = 𝑟𝑟𝑟𝑟2 + 𝛥𝛥𝛥𝛥, 𝑧𝑧𝑧𝑧3 = 𝑧𝑧𝑧𝑧1 + 𝛥𝛥𝛥𝛥, and 𝑧𝑧𝑧𝑧4 = 𝑧𝑧𝑧𝑧2 + 𝛥𝛥𝛥𝛥. Small displacement 𝛥𝛥𝛥𝛥 is added to avoid singularities, which are 
explained in papers [6-7]. In this paper, that displacement is 𝛥𝛥𝛥𝛥 = 10−6. 

Expressions for 𝐺𝐺𝐺𝐺𝜑 and 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 are given in papers [6-7]. 

C. Resistance 

The resistances in the proposed model include DC resistance, and AC resistances that represent losses due to skin and 
proximity effects. The resistance per unit length that takes skin effect into account is calculated using the expression [13] 

𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ =
1

4𝜎𝜎𝜎𝜎(ℎ + 𝑤𝑤𝑤𝑤)2 �
ℎ
𝛿𝛿𝛿𝛿

sinh �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿� + sin �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿�

cosh �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿� + cos �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿�
+
𝑤𝑤𝑤𝑤
𝛿𝛿𝛿𝛿

sinh �2 ℎ𝛿𝛿𝛿𝛿� + sin �2 ℎ𝛿𝛿𝛿𝛿�

cosh �2 ℎ𝛿𝛿𝛿𝛿� + cos �2 ℎ𝛿𝛿𝛿𝛿�
+ 2� , (7) 

where 𝑤𝑤𝑤𝑤 and ℎ are width and height of the conductor, respectively. If the conductor consists of more separately insulated 
wires (e.g. continuously transposed conductor), resistance for each wire is calculated separately. The parameter 𝜎𝜎𝜎𝜎 is the 

electrical conductivity of conductor, and the parameter 𝛿𝛿𝛿𝛿 = � 1
𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋µ𝜎𝜎𝜎𝜎

 is the skin depth of conductor. R matrix is calculated 

at arbitrarily chosen frequency 𝑓𝑓𝑓𝑓 = 10 kHz. 
To calculate the losses due to proximity effect, magnetic field at the position of another coil (𝑟𝑟𝑟𝑟𝜑, 𝑧𝑧𝑧𝑧𝜑) must be calculated. 

The geometry of windings is simplified to get simple mathematical expressions. The permeable core is neglected and the 
geometry of winding is assumed to be planar (see Fig. 3). Expressions for magnetic field are derived from Biot-Savart 
law: 

𝑩𝑩𝑩𝑩(𝒓𝒓𝒓𝒓) =
µ𝜑
4𝜋𝜋𝜋𝜋

�
𝐼𝐼𝐼𝐼𝑑𝑑𝑑𝑑𝒍𝒍𝒍𝒍 × 𝒓𝒓𝒓𝒓′

|𝒓𝒓𝒓𝒓′|3
. (8) 

For the geometry shown in Fig 3 (infinitely long coil of rectangular cross-section with current of one ampere), Biot-Savart 
(8) can be written as: 

𝐵𝐵𝐵𝐵(𝑟𝑟𝑟𝑟𝜑, 𝑧𝑧𝑧𝑧𝜑) =
µ𝜑

4𝜋𝜋𝜋𝜋(𝑟𝑟𝑟𝑟2 − 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 − 𝑧𝑧𝑧𝑧1) � � �
(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟����⃗ − (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)𝑎𝑎𝑎𝑎𝑧𝑧𝑧𝑧����⃗

�𝑙𝑙𝑙𝑙2 + (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2
3

𝑧𝑧𝑧𝑧2

𝑧𝑧𝑧𝑧1

𝑟𝑟𝑟𝑟2

𝑟𝑟𝑟𝑟1

𝑑𝑑𝑑𝑑𝑙𝑙𝑙𝑙 𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟
∞

𝑙𝑙𝑙𝑙𝜑−∞

𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧. (9) 

By solving the integral (9), 𝑟𝑟𝑟𝑟 and 𝑧𝑧𝑧𝑧 components of the magnetic field are obtained: 
 

𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟 = 𝑘𝑘𝑘𝑘 𝑘𝑘(𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2) + 2(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧) tan−1 �
𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧

��  

+𝑘(𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2) + 2(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧) tan−1 �
𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧

��� |𝑟𝑟𝑟𝑟𝜑𝑟𝑟𝑟𝑟1
𝑟𝑟𝑟𝑟2 |𝑧𝑧𝑧𝑧𝜑𝑧𝑧𝑧𝑧1

𝑧𝑧𝑧𝑧2 , (10) 

 

𝐵𝐵𝐵𝐵𝑧𝑧𝑧𝑧 = 𝑘𝑘𝑘𝑘 𝑘𝑘(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2) + 2(𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟) tan−1 �
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟

��  

+𝑘(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)2) + 2(𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟) tan−1 �
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟

�� + 4𝑧𝑧𝑧𝑧� |𝑟𝑟𝑟𝑟𝜑𝑟𝑟𝑟𝑟1
𝑟𝑟𝑟𝑟2 |𝑧𝑧𝑧𝑧𝜑𝑧𝑧𝑧𝑧1

𝑧𝑧𝑧𝑧2 , (11) 

𝑘𝑘𝑘𝑘 =
µ𝜑

4𝜋𝜋𝜋𝜋(𝑟𝑟𝑟𝑟2 − 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 − 𝑧𝑧𝑧𝑧1) . (12) 

After the calculation of magnetic field, the losses (equal to resistance since current in first coil is one ampere) due to 
proximity effect per unit length are calculated separately for each component of the magnetic field. For that purpose, 
simple, well-known expressions for eddy-current losses (per unit volume) in infinite planar plate of thickness 𝑡𝑡𝑡𝑡 and 
conductivity 𝜎𝜎𝜎𝜎 (page 154 in [12]) are used: 

 is the skin depth of 
conductor. R matrix is calculated at arbitrarily chosen frequency 
f=10 kHz..

To calculate the losses due to proximity effect, magnetic field at 
the position of another coil (r0, z0) must be calculated. The geome-
try of windings is simplified to get simple mathematical expressi-
ons. The permeable core is neglected and the geometry of winding 
is assumed to be planar (see Fig. 3). Expressions for magnetic field 
are derived from Biot-Savart law:

For the geometry shown in Fig 3 (infinitely long coil of rectan-
gular cross-section with current of one ampere), Biot-Savart (8) 
can be written as:

that influence of additional materials inside transformer winding, such as spacers, on overvoltage waveforms is not 
negligible.   

 

B. Inductance 

The mutual inductance of two coaxial coils with rectangular cross-sections can be calculated as a linked flux in one 
coil, whereas there is a current of one ampere in the other coil (source of magnetic flux). The linked flux can be calculated 
from vector magnetic potential using the expression: 

𝜙𝜙𝜙𝜙 = �𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 , (1) 

whereas the vector magnetic potential is related to the source current by integral of Green’s function for vector magnetic 
potential: 

𝑨𝑨𝑨𝑨(𝒓𝒓𝒓𝒓) =
µ0
4𝜋𝜋𝜋𝜋

�
𝑱𝑱𝑱𝑱(𝒓𝒓𝒓𝒓′)

|𝒓𝒓𝒓𝒓 𝒓 𝒓𝒓𝒓𝒓′|
𝑨𝑨𝑨𝑨3 𝒓𝒓𝒓𝒓′ . (2) 

The expression (2) can be applied to the axisymmetric geometry shown in Fig. 1. The current density 𝑱𝑱𝑱𝑱 = 1𝐴𝐴𝐴𝐴
𝑆𝑆𝑆𝑆1

 (𝑆𝑆𝑆𝑆1 =
(𝑟𝑟𝑟𝑟2 𝒓 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 𝒓 𝑧𝑧𝑧𝑧1) is cross-section of first coil) inside first coil is integrated with respect to variables 𝑟𝑟𝑟𝑟, 𝑧𝑧𝑧𝑧, and 𝜑𝜑𝜑𝜑 to get 
the vector magnetic potential inside the region of the second coil. The vector magnetic potential inside the second coil is 
integrated with respect to variables 𝑅𝑅𝑅𝑅 and 𝑍𝑍𝑍𝑍 (due to axisymmetric geometry, integration with respect to 𝜑𝜑𝜑𝜑 comes down to 
multiplication by 2𝜋𝜋𝜋𝜋) and divided by cross-section of other coil 𝑆𝑆𝑆𝑆2 = (𝑟𝑟𝑟𝑟4 𝒓 𝑟𝑟𝑟𝑟3)(𝑧𝑧𝑧𝑧4 𝒓 𝑧𝑧𝑧𝑧3) to get the flux linkage of second 
coil, i.e. the mutual inductance between first and second coil. By combining the expressions (1) and (2), and the definition 
that the mutual inductance is equal to fluxed linked in one coil, whereas the current of one ampere is in the other coil, the 
following expression is obtained: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

�𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝑟𝑟𝑟𝑟𝑨𝑨𝑨𝑨𝑅𝑅𝑅𝑅𝑨𝑨𝑨𝑨𝑧𝑧𝑧𝑧𝑨𝑨𝑨𝑨𝑍𝑍𝑍𝑍𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑 . (3) 

where function 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑), for considered geometry, is given as  

𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) =
𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑)

�𝑟𝑟𝑟𝑟2 + 𝑅𝑅𝑅𝑅2 𝒓 2𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑) + (𝑧𝑧𝑧𝑧 𝒓 𝑍𝑍𝑍𝑍)2
. (4) 

In references [6-7], integral (3) is solved analytically with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. That function’s arguments 
are coils’ geometry parameters 𝑟𝑟𝑟𝑟1, 𝑟𝑟𝑟𝑟2, 𝑟𝑟𝑟𝑟3, 𝑟𝑟𝑟𝑟4, 𝑧𝑧𝑧𝑧1, 𝑧𝑧𝑧𝑧2, 𝑧𝑧𝑧𝑧3, 𝑧𝑧𝑧𝑧4, and azimuthal variable 𝜑𝜑𝜑𝜑. That function is denoted by 𝐺𝐺𝐺𝐺, 
whereas the arguments, except for the azimuthal variable 𝜑𝜑𝜑𝜑, are left out for the sake of conciseness. 

The goal is to obtain the approximation of integral: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑0
(5) 

in closed-form to enable calculation of L matrix on turn level in acceptable time range. Function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is equal to integral 
of 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. Detailed derivation of function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is given in [6-7]. 

A G function has a characteristic shape with the following properties: 
• The function has a maximum at point 𝜑𝜑𝜑𝜑 = 0 (from now on denoted as 𝐺𝐺𝐺𝐺0) and minimum at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋 (from 

now on denoted as 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋). 
• The function is monotonically decreasing. 
• Value of G function at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋

2
 is equal to zero. 

• Absolute value of 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 is smaller than 𝐺𝐺𝐺𝐺0. 

Examples of G function, for different geometries of coils, are shown in Fig. 2. Physically, G function with narrow shape 
of positive part of the function and small ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
 corresponds to the coils that are close to each other. By increasing the 

distance between coils, the shape of G function is closer to the cosine. The approximation of the integral of the G function 
assumes that the integral value can be correlated with the ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
. 

To get the approximation of integral (5), numerous calculations of G function’s integral, using expressions from paper 
[7], were performed. Then, integral value is expressed using the rational functions, where the coefficients of the numerator 
and denominator polynomials were obtained using the least squares method: 

that influence of additional materials inside transformer winding, such as spacers, on overvoltage waveforms is not 
negligible.   

 

B. Inductance 

The mutual inductance of two coaxial coils with rectangular cross-sections can be calculated as a linked flux in one 
coil, whereas there is a current of one ampere in the other coil (source of magnetic flux). The linked flux can be calculated 
from vector magnetic potential using the expression: 

𝜙𝜙𝜙𝜙 = �𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 , (1) 

whereas the vector magnetic potential is related to the source current by integral of Green’s function for vector magnetic 
potential: 

𝑨𝑨𝑨𝑨(𝒓𝒓𝒓𝒓) =
µ0
4𝜋𝜋𝜋𝜋

�
𝑱𝑱𝑱𝑱(𝒓𝒓𝒓𝒓′)

|𝒓𝒓𝒓𝒓 𝒓 𝒓𝒓𝒓𝒓′|
𝑨𝑨𝑨𝑨3 𝒓𝒓𝒓𝒓′ . (2) 

The expression (2) can be applied to the axisymmetric geometry shown in Fig. 1. The current density 𝑱𝑱𝑱𝑱 = 1𝐴𝐴𝐴𝐴
𝑆𝑆𝑆𝑆1

 (𝑆𝑆𝑆𝑆1 =
(𝑟𝑟𝑟𝑟2 𝒓 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 𝒓 𝑧𝑧𝑧𝑧1) is cross-section of first coil) inside first coil is integrated with respect to variables 𝑟𝑟𝑟𝑟, 𝑧𝑧𝑧𝑧, and 𝜑𝜑𝜑𝜑 to get 
the vector magnetic potential inside the region of the second coil. The vector magnetic potential inside the second coil is 
integrated with respect to variables 𝑅𝑅𝑅𝑅 and 𝑍𝑍𝑍𝑍 (due to axisymmetric geometry, integration with respect to 𝜑𝜑𝜑𝜑 comes down to 
multiplication by 2𝜋𝜋𝜋𝜋) and divided by cross-section of other coil 𝑆𝑆𝑆𝑆2 = (𝑟𝑟𝑟𝑟4 𝒓 𝑟𝑟𝑟𝑟3)(𝑧𝑧𝑧𝑧4 𝒓 𝑧𝑧𝑧𝑧3) to get the flux linkage of second 
coil, i.e. the mutual inductance between first and second coil. By combining the expressions (1) and (2), and the definition 
that the mutual inductance is equal to fluxed linked in one coil, whereas the current of one ampere is in the other coil, the 
following expression is obtained: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

�𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝑟𝑟𝑟𝑟𝑨𝑨𝑨𝑨𝑅𝑅𝑅𝑅𝑨𝑨𝑨𝑨𝑧𝑧𝑧𝑧𝑨𝑨𝑨𝑨𝑍𝑍𝑍𝑍𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑 . (3) 

where function 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑), for considered geometry, is given as  

𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) =
𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑)

�𝑟𝑟𝑟𝑟2 + 𝑅𝑅𝑅𝑅2 𝒓 2𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑) + (𝑧𝑧𝑧𝑧 𝒓 𝑍𝑍𝑍𝑍)2
. (4) 

In references [6-7], integral (3) is solved analytically with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. That function’s arguments 
are coils’ geometry parameters 𝑟𝑟𝑟𝑟1, 𝑟𝑟𝑟𝑟2, 𝑟𝑟𝑟𝑟3, 𝑟𝑟𝑟𝑟4, 𝑧𝑧𝑧𝑧1, 𝑧𝑧𝑧𝑧2, 𝑧𝑧𝑧𝑧3, 𝑧𝑧𝑧𝑧4, and azimuthal variable 𝜑𝜑𝜑𝜑. That function is denoted by 𝐺𝐺𝐺𝐺, 
whereas the arguments, except for the azimuthal variable 𝜑𝜑𝜑𝜑, are left out for the sake of conciseness. 

The goal is to obtain the approximation of integral: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑0
(5) 

in closed-form to enable calculation of L matrix on turn level in acceptable time range. Function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is equal to integral 
of 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. Detailed derivation of function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is given in [6-7]. 

A G function has a characteristic shape with the following properties: 
• The function has a maximum at point 𝜑𝜑𝜑𝜑 = 0 (from now on denoted as 𝐺𝐺𝐺𝐺0) and minimum at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋 (from 

now on denoted as 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋). 
• The function is monotonically decreasing. 
• Value of G function at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋

2
 is equal to zero. 

• Absolute value of 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 is smaller than 𝐺𝐺𝐺𝐺0. 

Examples of G function, for different geometries of coils, are shown in Fig. 2. Physically, G function with narrow shape 
of positive part of the function and small ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
 corresponds to the coils that are close to each other. By increasing the 

distance between coils, the shape of G function is closer to the cosine. The approximation of the integral of the G function 
assumes that the integral value can be correlated with the ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
. 

To get the approximation of integral (5), numerous calculations of G function’s integral, using expressions from paper 
[7], were performed. Then, integral value is expressed using the rational functions, where the coefficients of the numerator 
and denominator polynomials were obtained using the least squares method: 

that influence of additional materials inside transformer winding, such as spacers, on overvoltage waveforms is not 
negligible.   

 

B. Inductance 

The mutual inductance of two coaxial coils with rectangular cross-sections can be calculated as a linked flux in one 
coil, whereas there is a current of one ampere in the other coil (source of magnetic flux). The linked flux can be calculated 
from vector magnetic potential using the expression: 

𝜙𝜙𝜙𝜙 = �𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 , (1) 

whereas the vector magnetic potential is related to the source current by integral of Green’s function for vector magnetic 
potential: 

𝑨𝑨𝑨𝑨(𝒓𝒓𝒓𝒓) =
µ0
4𝜋𝜋𝜋𝜋

�
𝑱𝑱𝑱𝑱(𝒓𝒓𝒓𝒓′)

|𝒓𝒓𝒓𝒓 𝒓 𝒓𝒓𝒓𝒓′|
𝑨𝑨𝑨𝑨3 𝒓𝒓𝒓𝒓′ . (2) 

The expression (2) can be applied to the axisymmetric geometry shown in Fig. 1. The current density 𝑱𝑱𝑱𝑱 = 1𝐴𝐴𝐴𝐴
𝑆𝑆𝑆𝑆1

 (𝑆𝑆𝑆𝑆1 =
(𝑟𝑟𝑟𝑟2 𝒓 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 𝒓 𝑧𝑧𝑧𝑧1) is cross-section of first coil) inside first coil is integrated with respect to variables 𝑟𝑟𝑟𝑟, 𝑧𝑧𝑧𝑧, and 𝜑𝜑𝜑𝜑 to get 
the vector magnetic potential inside the region of the second coil. The vector magnetic potential inside the second coil is 
integrated with respect to variables 𝑅𝑅𝑅𝑅 and 𝑍𝑍𝑍𝑍 (due to axisymmetric geometry, integration with respect to 𝜑𝜑𝜑𝜑 comes down to 
multiplication by 2𝜋𝜋𝜋𝜋) and divided by cross-section of other coil 𝑆𝑆𝑆𝑆2 = (𝑟𝑟𝑟𝑟4 𝒓 𝑟𝑟𝑟𝑟3)(𝑧𝑧𝑧𝑧4 𝒓 𝑧𝑧𝑧𝑧3) to get the flux linkage of second 
coil, i.e. the mutual inductance between first and second coil. By combining the expressions (1) and (2), and the definition 
that the mutual inductance is equal to fluxed linked in one coil, whereas the current of one ampere is in the other coil, the 
following expression is obtained: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

�𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝑟𝑟𝑟𝑟𝑨𝑨𝑨𝑨𝑅𝑅𝑅𝑅𝑨𝑨𝑨𝑨𝑧𝑧𝑧𝑧𝑨𝑨𝑨𝑨𝑍𝑍𝑍𝑍𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑 . (3) 

where function 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑), for considered geometry, is given as  

𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) =
𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑)

�𝑟𝑟𝑟𝑟2 + 𝑅𝑅𝑅𝑅2 𝒓 2𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑) + (𝑧𝑧𝑧𝑧 𝒓 𝑍𝑍𝑍𝑍)2
. (4) 

In references [6-7], integral (3) is solved analytically with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. That function’s arguments 
are coils’ geometry parameters 𝑟𝑟𝑟𝑟1, 𝑟𝑟𝑟𝑟2, 𝑟𝑟𝑟𝑟3, 𝑟𝑟𝑟𝑟4, 𝑧𝑧𝑧𝑧1, 𝑧𝑧𝑧𝑧2, 𝑧𝑧𝑧𝑧3, 𝑧𝑧𝑧𝑧4, and azimuthal variable 𝜑𝜑𝜑𝜑. That function is denoted by 𝐺𝐺𝐺𝐺, 
whereas the arguments, except for the azimuthal variable 𝜑𝜑𝜑𝜑, are left out for the sake of conciseness. 

The goal is to obtain the approximation of integral: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑0
(5) 

in closed-form to enable calculation of L matrix on turn level in acceptable time range. Function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is equal to integral 
of 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. Detailed derivation of function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is given in [6-7]. 

A G function has a characteristic shape with the following properties: 
• The function has a maximum at point 𝜑𝜑𝜑𝜑 = 0 (from now on denoted as 𝐺𝐺𝐺𝐺0) and minimum at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋 (from 

now on denoted as 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋). 
• The function is monotonically decreasing. 
• Value of G function at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋

2
 is equal to zero. 

• Absolute value of 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 is smaller than 𝐺𝐺𝐺𝐺0. 

Examples of G function, for different geometries of coils, are shown in Fig. 2. Physically, G function with narrow shape 
of positive part of the function and small ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
 corresponds to the coils that are close to each other. By increasing the 

distance between coils, the shape of G function is closer to the cosine. The approximation of the integral of the G function 
assumes that the integral value can be correlated with the ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
. 

To get the approximation of integral (5), numerous calculations of G function’s integral, using expressions from paper 
[7], were performed. Then, integral value is expressed using the rational functions, where the coefficients of the numerator 
and denominator polynomials were obtained using the least squares method: 

that influence of additional materials inside transformer winding, such as spacers, on overvoltage waveforms is not 
negligible.   

 

B. Inductance 

The mutual inductance of two coaxial coils with rectangular cross-sections can be calculated as a linked flux in one 
coil, whereas there is a current of one ampere in the other coil (source of magnetic flux). The linked flux can be calculated 
from vector magnetic potential using the expression: 

𝜙𝜙𝜙𝜙 = �𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 , (1) 

whereas the vector magnetic potential is related to the source current by integral of Green’s function for vector magnetic 
potential: 

𝑨𝑨𝑨𝑨(𝒓𝒓𝒓𝒓) =
µ0
4𝜋𝜋𝜋𝜋

�
𝑱𝑱𝑱𝑱(𝒓𝒓𝒓𝒓′)

|𝒓𝒓𝒓𝒓 𝒓 𝒓𝒓𝒓𝒓′|
𝑨𝑨𝑨𝑨3 𝒓𝒓𝒓𝒓′ . (2) 

The expression (2) can be applied to the axisymmetric geometry shown in Fig. 1. The current density 𝑱𝑱𝑱𝑱 = 1𝐴𝐴𝐴𝐴
𝑆𝑆𝑆𝑆1

 (𝑆𝑆𝑆𝑆1 =
(𝑟𝑟𝑟𝑟2 𝒓 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 𝒓 𝑧𝑧𝑧𝑧1) is cross-section of first coil) inside first coil is integrated with respect to variables 𝑟𝑟𝑟𝑟, 𝑧𝑧𝑧𝑧, and 𝜑𝜑𝜑𝜑 to get 
the vector magnetic potential inside the region of the second coil. The vector magnetic potential inside the second coil is 
integrated with respect to variables 𝑅𝑅𝑅𝑅 and 𝑍𝑍𝑍𝑍 (due to axisymmetric geometry, integration with respect to 𝜑𝜑𝜑𝜑 comes down to 
multiplication by 2𝜋𝜋𝜋𝜋) and divided by cross-section of other coil 𝑆𝑆𝑆𝑆2 = (𝑟𝑟𝑟𝑟4 𝒓 𝑟𝑟𝑟𝑟3)(𝑧𝑧𝑧𝑧4 𝒓 𝑧𝑧𝑧𝑧3) to get the flux linkage of second 
coil, i.e. the mutual inductance between first and second coil. By combining the expressions (1) and (2), and the definition 
that the mutual inductance is equal to fluxed linked in one coil, whereas the current of one ampere is in the other coil, the 
following expression is obtained: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

�𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝑟𝑟𝑟𝑟𝑨𝑨𝑨𝑨𝑅𝑅𝑅𝑅𝑨𝑨𝑨𝑨𝑧𝑧𝑧𝑧𝑨𝑨𝑨𝑨𝑍𝑍𝑍𝑍𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑 . (3) 

where function 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑), for considered geometry, is given as  

𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) =
𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑)

�𝑟𝑟𝑟𝑟2 + 𝑅𝑅𝑅𝑅2 𝒓 2𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑) + (𝑧𝑧𝑧𝑧 𝒓 𝑍𝑍𝑍𝑍)2
. (4) 

In references [6-7], integral (3) is solved analytically with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. That function’s arguments 
are coils’ geometry parameters 𝑟𝑟𝑟𝑟1, 𝑟𝑟𝑟𝑟2, 𝑟𝑟𝑟𝑟3, 𝑟𝑟𝑟𝑟4, 𝑧𝑧𝑧𝑧1, 𝑧𝑧𝑧𝑧2, 𝑧𝑧𝑧𝑧3, 𝑧𝑧𝑧𝑧4, and azimuthal variable 𝜑𝜑𝜑𝜑. That function is denoted by 𝐺𝐺𝐺𝐺, 
whereas the arguments, except for the azimuthal variable 𝜑𝜑𝜑𝜑, are left out for the sake of conciseness. 

The goal is to obtain the approximation of integral: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑0
(5) 

in closed-form to enable calculation of L matrix on turn level in acceptable time range. Function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is equal to integral 
of 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. Detailed derivation of function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is given in [6-7]. 

A G function has a characteristic shape with the following properties: 
• The function has a maximum at point 𝜑𝜑𝜑𝜑 = 0 (from now on denoted as 𝐺𝐺𝐺𝐺0) and minimum at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋 (from 

now on denoted as 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋). 
• The function is monotonically decreasing. 
• Value of G function at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋

2
 is equal to zero. 

• Absolute value of 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 is smaller than 𝐺𝐺𝐺𝐺0. 

Examples of G function, for different geometries of coils, are shown in Fig. 2. Physically, G function with narrow shape 
of positive part of the function and small ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
 corresponds to the coils that are close to each other. By increasing the 

distance between coils, the shape of G function is closer to the cosine. The approximation of the integral of the G function 
assumes that the integral value can be correlated with the ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
. 

To get the approximation of integral (5), numerous calculations of G function’s integral, using expressions from paper 
[7], were performed. Then, integral value is expressed using the rational functions, where the coefficients of the numerator 
and denominator polynomials were obtained using the least squares method: 

that influence of additional materials inside transformer winding, such as spacers, on overvoltage waveforms is not 
negligible.   

 

B. Inductance 

The mutual inductance of two coaxial coils with rectangular cross-sections can be calculated as a linked flux in one 
coil, whereas there is a current of one ampere in the other coil (source of magnetic flux). The linked flux can be calculated 
from vector magnetic potential using the expression: 

𝜙𝜙𝜙𝜙 = �𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 , (1) 

whereas the vector magnetic potential is related to the source current by integral of Green’s function for vector magnetic 
potential: 

𝑨𝑨𝑨𝑨(𝒓𝒓𝒓𝒓) =
µ0
4𝜋𝜋𝜋𝜋

�
𝑱𝑱𝑱𝑱(𝒓𝒓𝒓𝒓′)

|𝒓𝒓𝒓𝒓 𝒓 𝒓𝒓𝒓𝒓′|
𝑨𝑨𝑨𝑨3 𝒓𝒓𝒓𝒓′ . (2) 

The expression (2) can be applied to the axisymmetric geometry shown in Fig. 1. The current density 𝑱𝑱𝑱𝑱 = 1𝐴𝐴𝐴𝐴
𝑆𝑆𝑆𝑆1

 (𝑆𝑆𝑆𝑆1 =
(𝑟𝑟𝑟𝑟2 𝒓 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 𝒓 𝑧𝑧𝑧𝑧1) is cross-section of first coil) inside first coil is integrated with respect to variables 𝑟𝑟𝑟𝑟, 𝑧𝑧𝑧𝑧, and 𝜑𝜑𝜑𝜑 to get 
the vector magnetic potential inside the region of the second coil. The vector magnetic potential inside the second coil is 
integrated with respect to variables 𝑅𝑅𝑅𝑅 and 𝑍𝑍𝑍𝑍 (due to axisymmetric geometry, integration with respect to 𝜑𝜑𝜑𝜑 comes down to 
multiplication by 2𝜋𝜋𝜋𝜋) and divided by cross-section of other coil 𝑆𝑆𝑆𝑆2 = (𝑟𝑟𝑟𝑟4 𝒓 𝑟𝑟𝑟𝑟3)(𝑧𝑧𝑧𝑧4 𝒓 𝑧𝑧𝑧𝑧3) to get the flux linkage of second 
coil, i.e. the mutual inductance between first and second coil. By combining the expressions (1) and (2), and the definition 
that the mutual inductance is equal to fluxed linked in one coil, whereas the current of one ampere is in the other coil, the 
following expression is obtained: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

�𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝑟𝑟𝑟𝑟𝑨𝑨𝑨𝑨𝑅𝑅𝑅𝑅𝑨𝑨𝑨𝑨𝑧𝑧𝑧𝑧𝑨𝑨𝑨𝑨𝑍𝑍𝑍𝑍𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑 . (3) 

where function 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑), for considered geometry, is given as  

𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) =
𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑)

�𝑟𝑟𝑟𝑟2 + 𝑅𝑅𝑅𝑅2 𝒓 2𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅 cos(𝜑𝜑𝜑𝜑) + (𝑧𝑧𝑧𝑧 𝒓 𝑍𝑍𝑍𝑍)2
. (4) 

In references [6-7], integral (3) is solved analytically with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. That function’s arguments 
are coils’ geometry parameters 𝑟𝑟𝑟𝑟1, 𝑟𝑟𝑟𝑟2, 𝑟𝑟𝑟𝑟3, 𝑟𝑟𝑟𝑟4, 𝑧𝑧𝑧𝑧1, 𝑧𝑧𝑧𝑧2, 𝑧𝑧𝑧𝑧3, 𝑧𝑧𝑧𝑧4, and azimuthal variable 𝜑𝜑𝜑𝜑. That function is denoted by 𝐺𝐺𝐺𝐺, 
whereas the arguments, except for the azimuthal variable 𝜑𝜑𝜑𝜑, are left out for the sake of conciseness. 

The goal is to obtain the approximation of integral: 

𝐿𝐿𝐿𝐿12 =
µ0
𝑆𝑆𝑆𝑆1𝑆𝑆𝑆𝑆2

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑨𝑨𝑨𝑨𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑0
(5) 

in closed-form to enable calculation of L matrix on turn level in acceptable time range. Function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is equal to integral 
of 𝑄𝑄𝑄𝑄(𝑟𝑟𝑟𝑟,𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧,𝑍𝑍𝑍𝑍,𝜑𝜑𝜑𝜑) with respect to variables 𝑟𝑟𝑟𝑟, 𝑅𝑅𝑅𝑅, 𝑧𝑧𝑧𝑧, and 𝑍𝑍𝑍𝑍. Detailed derivation of function 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑) is given in [6-7]. 

A G function has a characteristic shape with the following properties: 
• The function has a maximum at point 𝜑𝜑𝜑𝜑 = 0 (from now on denoted as 𝐺𝐺𝐺𝐺0) and minimum at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋 (from 

now on denoted as 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋). 
• The function is monotonically decreasing. 
• Value of G function at point 𝜑𝜑𝜑𝜑 = 𝜋𝜋𝜋𝜋

2
 is equal to zero. 

• Absolute value of 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 is smaller than 𝐺𝐺𝐺𝐺0. 

Examples of G function, for different geometries of coils, are shown in Fig. 2. Physically, G function with narrow shape 
of positive part of the function and small ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
 corresponds to the coils that are close to each other. By increasing the 

distance between coils, the shape of G function is closer to the cosine. The approximation of the integral of the G function 
assumes that the integral value can be correlated with the ratio 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋

𝐺𝐺𝐺𝐺0
. 

To get the approximation of integral (5), numerous calculations of G function’s integral, using expressions from paper 
[7], were performed. Then, integral value is expressed using the rational functions, where the coefficients of the numerator 
and denominator polynomials were obtained using the least squares method: 

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑑𝑑𝑑𝑑𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑𝜑
≈ 𝐺𝐺𝐺𝐺𝜑

⎣
⎢
⎢
⎡0.008618 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

�
3

+ 9.711 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2

+ 159.6𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
+ 75.62

�𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
3

+ 35.03 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2

+ 131.3𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
+ 77.74

−
1.07𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

− 0.5949

�𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2
− 0.5201𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

− 0.002404⎦
⎥
⎥
⎤

. (6) 

Above-mentioned expressions can be used to calculate the self-inductance. In that case, geometrical parameters are 
𝑟𝑟𝑟𝑟3 = 𝑟𝑟𝑟𝑟1 + 𝛥𝛥𝛥𝛥, 𝑟𝑟𝑟𝑟4 = 𝑟𝑟𝑟𝑟2 + 𝛥𝛥𝛥𝛥, 𝑧𝑧𝑧𝑧3 = 𝑧𝑧𝑧𝑧1 + 𝛥𝛥𝛥𝛥, and 𝑧𝑧𝑧𝑧4 = 𝑧𝑧𝑧𝑧2 + 𝛥𝛥𝛥𝛥. Small displacement 𝛥𝛥𝛥𝛥 is added to avoid singularities, which are 
explained in papers [6-7]. In this paper, that displacement is 𝛥𝛥𝛥𝛥 = 10−6. 

Expressions for 𝐺𝐺𝐺𝐺𝜑 and 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 are given in papers [6-7]. 

C. Resistance 

The resistances in the proposed model include DC resistance, and AC resistances that represent losses due to skin and 
proximity effects. The resistance per unit length that takes skin effect into account is calculated using the expression [13] 

𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ =
1

4𝜎𝜎𝜎𝜎(ℎ + 𝑤𝑤𝑤𝑤)2 �
ℎ
𝛿𝛿𝛿𝛿

sinh �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿� + sin �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿�

cosh �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿� + cos �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿�
+
𝑤𝑤𝑤𝑤
𝛿𝛿𝛿𝛿

sinh �2 ℎ𝛿𝛿𝛿𝛿� + sin �2 ℎ𝛿𝛿𝛿𝛿�

cosh �2 ℎ𝛿𝛿𝛿𝛿� + cos �2 ℎ𝛿𝛿𝛿𝛿�
+ 2� , (7) 

where 𝑤𝑤𝑤𝑤 and ℎ are width and height of the conductor, respectively. If the conductor consists of more separately insulated 
wires (e.g. continuously transposed conductor), resistance for each wire is calculated separately. The parameter 𝜎𝜎𝜎𝜎 is the 

electrical conductivity of conductor, and the parameter 𝛿𝛿𝛿𝛿 = � 1
𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋µ𝜎𝜎𝜎𝜎

 is the skin depth of conductor. R matrix is calculated 

at arbitrarily chosen frequency 𝑓𝑓𝑓𝑓 = 10 kHz. 
To calculate the losses due to proximity effect, magnetic field at the position of another coil (𝑟𝑟𝑟𝑟𝜑, 𝑧𝑧𝑧𝑧𝜑) must be calculated. 

The geometry of windings is simplified to get simple mathematical expressions. The permeable core is neglected and the 
geometry of winding is assumed to be planar (see Fig. 3). Expressions for magnetic field are derived from Biot-Savart 
law: 

𝑩𝑩𝑩𝑩(𝒓𝒓𝒓𝒓) =
µ𝜑
4𝜋𝜋𝜋𝜋

�
𝐼𝐼𝐼𝐼𝑑𝑑𝑑𝑑𝒍𝒍𝒍𝒍 × 𝒓𝒓𝒓𝒓′

|𝒓𝒓𝒓𝒓′|3
. (8) 

For the geometry shown in Fig 3 (infinitely long coil of rectangular cross-section with current of one ampere), Biot-Savart 
(8) can be written as: 

𝐵𝐵𝐵𝐵(𝑟𝑟𝑟𝑟𝜑, 𝑧𝑧𝑧𝑧𝜑) =
µ𝜑

4𝜋𝜋𝜋𝜋(𝑟𝑟𝑟𝑟2 − 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 − 𝑧𝑧𝑧𝑧1) � � �
(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟����⃗ − (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)𝑎𝑎𝑎𝑎𝑧𝑧𝑧𝑧����⃗

�𝑙𝑙𝑙𝑙2 + (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2
3

𝑧𝑧𝑧𝑧2

𝑧𝑧𝑧𝑧1

𝑟𝑟𝑟𝑟2

𝑟𝑟𝑟𝑟1

𝑑𝑑𝑑𝑑𝑙𝑙𝑙𝑙 𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟
∞

𝑙𝑙𝑙𝑙𝜑−∞

𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧. (9) 

By solving the integral (9), 𝑟𝑟𝑟𝑟 and 𝑧𝑧𝑧𝑧 components of the magnetic field are obtained: 
 

𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟 = 𝑘𝑘𝑘𝑘 𝑘𝑘(𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2) + 2(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧) tan−1 �
𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧

��  

+𝑘(𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2) + 2(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧) tan−1 �
𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧

��� |𝑟𝑟𝑟𝑟𝜑𝑟𝑟𝑟𝑟1
𝑟𝑟𝑟𝑟2 |𝑧𝑧𝑧𝑧𝜑𝑧𝑧𝑧𝑧1

𝑧𝑧𝑧𝑧2 , (10) 

 

𝐵𝐵𝐵𝐵𝑧𝑧𝑧𝑧 = 𝑘𝑘𝑘𝑘 𝑘𝑘(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2) + 2(𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟) tan−1 �
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟

��  

+𝑘(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)2) + 2(𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟) tan−1 �
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟

�� + 4𝑧𝑧𝑧𝑧� |𝑟𝑟𝑟𝑟𝜑𝑟𝑟𝑟𝑟1
𝑟𝑟𝑟𝑟2 |𝑧𝑧𝑧𝑧𝜑𝑧𝑧𝑧𝑧1

𝑧𝑧𝑧𝑧2 , (11) 

𝑘𝑘𝑘𝑘 =
µ𝜑

4𝜋𝜋𝜋𝜋(𝑟𝑟𝑟𝑟2 − 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 − 𝑧𝑧𝑧𝑧1) . (12) 

After the calculation of magnetic field, the losses (equal to resistance since current in first coil is one ampere) due to 
proximity effect per unit length are calculated separately for each component of the magnetic field. For that purpose, 
simple, well-known expressions for eddy-current losses (per unit volume) in infinite planar plate of thickness 𝑡𝑡𝑡𝑡 and 
conductivity 𝜎𝜎𝜎𝜎 (page 154 in [12]) are used: 

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑑𝑑𝑑𝑑𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑𝜑
≈ 𝐺𝐺𝐺𝐺𝜑

⎣
⎢
⎢
⎡0.008618 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

�
3

+ 9.711 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2

+ 159.6𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
+ 75.62

�𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
3

+ 35.03 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2

+ 131.3𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
+ 77.74

−
1.07𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

− 0.5949

�𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2
− 0.5201𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

− 0.002404⎦
⎥
⎥
⎤

. (6) 

Above-mentioned expressions can be used to calculate the self-inductance. In that case, geometrical parameters are 
𝑟𝑟𝑟𝑟3 = 𝑟𝑟𝑟𝑟1 + 𝛥𝛥𝛥𝛥, 𝑟𝑟𝑟𝑟4 = 𝑟𝑟𝑟𝑟2 + 𝛥𝛥𝛥𝛥, 𝑧𝑧𝑧𝑧3 = 𝑧𝑧𝑧𝑧1 + 𝛥𝛥𝛥𝛥, and 𝑧𝑧𝑧𝑧4 = 𝑧𝑧𝑧𝑧2 + 𝛥𝛥𝛥𝛥. Small displacement 𝛥𝛥𝛥𝛥 is added to avoid singularities, which are 
explained in papers [6-7]. In this paper, that displacement is 𝛥𝛥𝛥𝛥 = 10−6. 

Expressions for 𝐺𝐺𝐺𝐺𝜑 and 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 are given in papers [6-7]. 

C. Resistance 

The resistances in the proposed model include DC resistance, and AC resistances that represent losses due to skin and 
proximity effects. The resistance per unit length that takes skin effect into account is calculated using the expression [13] 

𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ =
1

4𝜎𝜎𝜎𝜎(ℎ + 𝑤𝑤𝑤𝑤)2 �
ℎ
𝛿𝛿𝛿𝛿

sinh �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿� + sin �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿�

cosh �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿� + cos �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿�
+
𝑤𝑤𝑤𝑤
𝛿𝛿𝛿𝛿

sinh �2 ℎ𝛿𝛿𝛿𝛿� + sin �2 ℎ𝛿𝛿𝛿𝛿�

cosh �2 ℎ𝛿𝛿𝛿𝛿� + cos �2 ℎ𝛿𝛿𝛿𝛿�
+ 2� , (7) 

where 𝑤𝑤𝑤𝑤 and ℎ are width and height of the conductor, respectively. If the conductor consists of more separately insulated 
wires (e.g. continuously transposed conductor), resistance for each wire is calculated separately. The parameter 𝜎𝜎𝜎𝜎 is the 

electrical conductivity of conductor, and the parameter 𝛿𝛿𝛿𝛿 = � 1
𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋µ𝜎𝜎𝜎𝜎

 is the skin depth of conductor. R matrix is calculated 

at arbitrarily chosen frequency 𝑓𝑓𝑓𝑓 = 10 kHz. 
To calculate the losses due to proximity effect, magnetic field at the position of another coil (𝑟𝑟𝑟𝑟𝜑, 𝑧𝑧𝑧𝑧𝜑) must be calculated. 

The geometry of windings is simplified to get simple mathematical expressions. The permeable core is neglected and the 
geometry of winding is assumed to be planar (see Fig. 3). Expressions for magnetic field are derived from Biot-Savart 
law: 

𝑩𝑩𝑩𝑩(𝒓𝒓𝒓𝒓) =
µ𝜑
4𝜋𝜋𝜋𝜋

�
𝐼𝐼𝐼𝐼𝑑𝑑𝑑𝑑𝒍𝒍𝒍𝒍 × 𝒓𝒓𝒓𝒓′

|𝒓𝒓𝒓𝒓′|3
. (8) 

For the geometry shown in Fig 3 (infinitely long coil of rectangular cross-section with current of one ampere), Biot-Savart 
(8) can be written as: 

𝐵𝐵𝐵𝐵(𝑟𝑟𝑟𝑟𝜑, 𝑧𝑧𝑧𝑧𝜑) =
µ𝜑

4𝜋𝜋𝜋𝜋(𝑟𝑟𝑟𝑟2 − 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 − 𝑧𝑧𝑧𝑧1) � � �
(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟����⃗ − (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)𝑎𝑎𝑎𝑎𝑧𝑧𝑧𝑧����⃗

�𝑙𝑙𝑙𝑙2 + (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2
3

𝑧𝑧𝑧𝑧2

𝑧𝑧𝑧𝑧1

𝑟𝑟𝑟𝑟2

𝑟𝑟𝑟𝑟1

𝑑𝑑𝑑𝑑𝑙𝑙𝑙𝑙 𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟
∞

𝑙𝑙𝑙𝑙𝜑−∞

𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧. (9) 

By solving the integral (9), 𝑟𝑟𝑟𝑟 and 𝑧𝑧𝑧𝑧 components of the magnetic field are obtained: 
 

𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟 = 𝑘𝑘𝑘𝑘 𝑘𝑘(𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2) + 2(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧) tan−1 �
𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧

��  

+𝑘(𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2) + 2(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧) tan−1 �
𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧

��� |𝑟𝑟𝑟𝑟𝜑𝑟𝑟𝑟𝑟1
𝑟𝑟𝑟𝑟2 |𝑧𝑧𝑧𝑧𝜑𝑧𝑧𝑧𝑧1

𝑧𝑧𝑧𝑧2 , (10) 

 

𝐵𝐵𝐵𝐵𝑧𝑧𝑧𝑧 = 𝑘𝑘𝑘𝑘 𝑘𝑘(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2) + 2(𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟) tan−1 �
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟

��  

+𝑘(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)2) + 2(𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟) tan−1 �
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟

�� + 4𝑧𝑧𝑧𝑧� |𝑟𝑟𝑟𝑟𝜑𝑟𝑟𝑟𝑟1
𝑟𝑟𝑟𝑟2 |𝑧𝑧𝑧𝑧𝜑𝑧𝑧𝑧𝑧1

𝑧𝑧𝑧𝑧2 , (11) 

𝑘𝑘𝑘𝑘 =
µ𝜑

4𝜋𝜋𝜋𝜋(𝑟𝑟𝑟𝑟2 − 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 − 𝑧𝑧𝑧𝑧1) . (12) 

After the calculation of magnetic field, the losses (equal to resistance since current in first coil is one ampere) due to 
proximity effect per unit length are calculated separately for each component of the magnetic field. For that purpose, 
simple, well-known expressions for eddy-current losses (per unit volume) in infinite planar plate of thickness 𝑡𝑡𝑡𝑡 and 
conductivity 𝜎𝜎𝜎𝜎 (page 154 in [12]) are used: 

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑑𝑑𝑑𝑑𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑𝜑
≈ 𝐺𝐺𝐺𝐺𝜑

⎣
⎢
⎢
⎡0.008618 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

�
3

+ 9.711 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2

+ 159.6𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
+ 75.62

�𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
3

+ 35.03 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2

+ 131.3𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
+ 77.74

−
1.07𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

− 0.5949

�𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2
− 0.5201𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

− 0.002404⎦
⎥
⎥
⎤

. (6) 

Above-mentioned expressions can be used to calculate the self-inductance. In that case, geometrical parameters are 
𝑟𝑟𝑟𝑟3 = 𝑟𝑟𝑟𝑟1 + 𝛥𝛥𝛥𝛥, 𝑟𝑟𝑟𝑟4 = 𝑟𝑟𝑟𝑟2 + 𝛥𝛥𝛥𝛥, 𝑧𝑧𝑧𝑧3 = 𝑧𝑧𝑧𝑧1 + 𝛥𝛥𝛥𝛥, and 𝑧𝑧𝑧𝑧4 = 𝑧𝑧𝑧𝑧2 + 𝛥𝛥𝛥𝛥. Small displacement 𝛥𝛥𝛥𝛥 is added to avoid singularities, which are 
explained in papers [6-7]. In this paper, that displacement is 𝛥𝛥𝛥𝛥 = 10−6. 

Expressions for 𝐺𝐺𝐺𝐺𝜑 and 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 are given in papers [6-7]. 

C. Resistance 

The resistances in the proposed model include DC resistance, and AC resistances that represent losses due to skin and 
proximity effects. The resistance per unit length that takes skin effect into account is calculated using the expression [13] 

𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ =
1

4𝜎𝜎𝜎𝜎(ℎ + 𝑤𝑤𝑤𝑤)2 �
ℎ
𝛿𝛿𝛿𝛿

sinh �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿� + sin �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿�

cosh �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿� + cos �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿�
+
𝑤𝑤𝑤𝑤
𝛿𝛿𝛿𝛿

sinh �2 ℎ𝛿𝛿𝛿𝛿� + sin �2 ℎ𝛿𝛿𝛿𝛿�

cosh �2 ℎ𝛿𝛿𝛿𝛿� + cos �2 ℎ𝛿𝛿𝛿𝛿�
+ 2� , (7) 

where 𝑤𝑤𝑤𝑤 and ℎ are width and height of the conductor, respectively. If the conductor consists of more separately insulated 
wires (e.g. continuously transposed conductor), resistance for each wire is calculated separately. The parameter 𝜎𝜎𝜎𝜎 is the 

electrical conductivity of conductor, and the parameter 𝛿𝛿𝛿𝛿 = � 1
𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋µ𝜎𝜎𝜎𝜎

 is the skin depth of conductor. R matrix is calculated 

at arbitrarily chosen frequency 𝑓𝑓𝑓𝑓 = 10 kHz. 
To calculate the losses due to proximity effect, magnetic field at the position of another coil (𝑟𝑟𝑟𝑟𝜑, 𝑧𝑧𝑧𝑧𝜑) must be calculated. 

The geometry of windings is simplified to get simple mathematical expressions. The permeable core is neglected and the 
geometry of winding is assumed to be planar (see Fig. 3). Expressions for magnetic field are derived from Biot-Savart 
law: 

𝑩𝑩𝑩𝑩(𝒓𝒓𝒓𝒓) =
µ𝜑
4𝜋𝜋𝜋𝜋

�
𝐼𝐼𝐼𝐼𝑑𝑑𝑑𝑑𝒍𝒍𝒍𝒍 × 𝒓𝒓𝒓𝒓′

|𝒓𝒓𝒓𝒓′|3
. (8) 

For the geometry shown in Fig 3 (infinitely long coil of rectangular cross-section with current of one ampere), Biot-Savart 
(8) can be written as: 

𝐵𝐵𝐵𝐵(𝑟𝑟𝑟𝑟𝜑, 𝑧𝑧𝑧𝑧𝜑) =
µ𝜑

4𝜋𝜋𝜋𝜋(𝑟𝑟𝑟𝑟2 − 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 − 𝑧𝑧𝑧𝑧1) � � �
(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟����⃗ − (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)𝑎𝑎𝑎𝑎𝑧𝑧𝑧𝑧����⃗

�𝑙𝑙𝑙𝑙2 + (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2
3

𝑧𝑧𝑧𝑧2

𝑧𝑧𝑧𝑧1

𝑟𝑟𝑟𝑟2

𝑟𝑟𝑟𝑟1

𝑑𝑑𝑑𝑑𝑙𝑙𝑙𝑙 𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟
∞

𝑙𝑙𝑙𝑙𝜑−∞

𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧. (9) 

By solving the integral (9), 𝑟𝑟𝑟𝑟 and 𝑧𝑧𝑧𝑧 components of the magnetic field are obtained: 
 

𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟 = 𝑘𝑘𝑘𝑘 𝑘𝑘(𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2) + 2(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧) tan−1 �
𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧

��  

+𝑘(𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2) + 2(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧) tan−1 �
𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧

��� |𝑟𝑟𝑟𝑟𝜑𝑟𝑟𝑟𝑟1
𝑟𝑟𝑟𝑟2 |𝑧𝑧𝑧𝑧𝜑𝑧𝑧𝑧𝑧1

𝑧𝑧𝑧𝑧2 , (10) 

 

𝐵𝐵𝐵𝐵𝑧𝑧𝑧𝑧 = 𝑘𝑘𝑘𝑘 𝑘𝑘(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2) + 2(𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟) tan−1 �
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟

��  

+𝑘(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)2) + 2(𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟) tan−1 �
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟

�� + 4𝑧𝑧𝑧𝑧� |𝑟𝑟𝑟𝑟𝜑𝑟𝑟𝑟𝑟1
𝑟𝑟𝑟𝑟2 |𝑧𝑧𝑧𝑧𝜑𝑧𝑧𝑧𝑧1

𝑧𝑧𝑧𝑧2 , (11) 

𝑘𝑘𝑘𝑘 =
µ𝜑

4𝜋𝜋𝜋𝜋(𝑟𝑟𝑟𝑟2 − 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 − 𝑧𝑧𝑧𝑧1) . (12) 

After the calculation of magnetic field, the losses (equal to resistance since current in first coil is one ampere) due to 
proximity effect per unit length are calculated separately for each component of the magnetic field. For that purpose, 
simple, well-known expressions for eddy-current losses (per unit volume) in infinite planar plate of thickness 𝑡𝑡𝑡𝑡 and 
conductivity 𝜎𝜎𝜎𝜎 (page 154 in [12]) are used: 

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑑𝑑𝑑𝑑𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑𝜑
≈ 𝐺𝐺𝐺𝐺𝜑

⎣
⎢
⎢
⎡0.008618 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

�
3

+ 9.711 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2

+ 159.6𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
+ 75.62

�𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
3

+ 35.03 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2

+ 131.3𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
+ 77.74

−
1.07𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

− 0.5949

�𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2
− 0.5201𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

− 0.002404⎦
⎥
⎥
⎤

. (6) 

Above-mentioned expressions can be used to calculate the self-inductance. In that case, geometrical parameters are 
𝑟𝑟𝑟𝑟3 = 𝑟𝑟𝑟𝑟1 + 𝛥𝛥𝛥𝛥, 𝑟𝑟𝑟𝑟4 = 𝑟𝑟𝑟𝑟2 + 𝛥𝛥𝛥𝛥, 𝑧𝑧𝑧𝑧3 = 𝑧𝑧𝑧𝑧1 + 𝛥𝛥𝛥𝛥, and 𝑧𝑧𝑧𝑧4 = 𝑧𝑧𝑧𝑧2 + 𝛥𝛥𝛥𝛥. Small displacement 𝛥𝛥𝛥𝛥 is added to avoid singularities, which are 
explained in papers [6-7]. In this paper, that displacement is 𝛥𝛥𝛥𝛥 = 10−6. 

Expressions for 𝐺𝐺𝐺𝐺𝜑 and 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 are given in papers [6-7]. 

C. Resistance 

The resistances in the proposed model include DC resistance, and AC resistances that represent losses due to skin and 
proximity effects. The resistance per unit length that takes skin effect into account is calculated using the expression [13] 

𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ =
1

4𝜎𝜎𝜎𝜎(ℎ + 𝑤𝑤𝑤𝑤)2 �
ℎ
𝛿𝛿𝛿𝛿

sinh �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿� + sin �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿�

cosh �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿� + cos �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿�
+
𝑤𝑤𝑤𝑤
𝛿𝛿𝛿𝛿

sinh �2 ℎ𝛿𝛿𝛿𝛿� + sin �2 ℎ𝛿𝛿𝛿𝛿�

cosh �2 ℎ𝛿𝛿𝛿𝛿� + cos �2 ℎ𝛿𝛿𝛿𝛿�
+ 2� , (7) 

where 𝑤𝑤𝑤𝑤 and ℎ are width and height of the conductor, respectively. If the conductor consists of more separately insulated 
wires (e.g. continuously transposed conductor), resistance for each wire is calculated separately. The parameter 𝜎𝜎𝜎𝜎 is the 

electrical conductivity of conductor, and the parameter 𝛿𝛿𝛿𝛿 = � 1
𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋µ𝜎𝜎𝜎𝜎

 is the skin depth of conductor. R matrix is calculated 

at arbitrarily chosen frequency 𝑓𝑓𝑓𝑓 = 10 kHz. 
To calculate the losses due to proximity effect, magnetic field at the position of another coil (𝑟𝑟𝑟𝑟𝜑, 𝑧𝑧𝑧𝑧𝜑) must be calculated. 

The geometry of windings is simplified to get simple mathematical expressions. The permeable core is neglected and the 
geometry of winding is assumed to be planar (see Fig. 3). Expressions for magnetic field are derived from Biot-Savart 
law: 

𝑩𝑩𝑩𝑩(𝒓𝒓𝒓𝒓) =
µ𝜑
4𝜋𝜋𝜋𝜋

�
𝐼𝐼𝐼𝐼𝑑𝑑𝑑𝑑𝒍𝒍𝒍𝒍 × 𝒓𝒓𝒓𝒓′

|𝒓𝒓𝒓𝒓′|3
. (8) 

For the geometry shown in Fig 3 (infinitely long coil of rectangular cross-section with current of one ampere), Biot-Savart 
(8) can be written as: 

𝐵𝐵𝐵𝐵(𝑟𝑟𝑟𝑟𝜑, 𝑧𝑧𝑧𝑧𝜑) =
µ𝜑

4𝜋𝜋𝜋𝜋(𝑟𝑟𝑟𝑟2 − 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 − 𝑧𝑧𝑧𝑧1) � � �
(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟����⃗ − (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)𝑎𝑎𝑎𝑎𝑧𝑧𝑧𝑧����⃗

�𝑙𝑙𝑙𝑙2 + (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2
3

𝑧𝑧𝑧𝑧2

𝑧𝑧𝑧𝑧1

𝑟𝑟𝑟𝑟2

𝑟𝑟𝑟𝑟1

𝑑𝑑𝑑𝑑𝑙𝑙𝑙𝑙 𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟
∞

𝑙𝑙𝑙𝑙𝜑−∞

𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧. (9) 

By solving the integral (9), 𝑟𝑟𝑟𝑟 and 𝑧𝑧𝑧𝑧 components of the magnetic field are obtained: 
 

𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟 = 𝑘𝑘𝑘𝑘 𝑘𝑘(𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2) + 2(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧) tan−1 �
𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧

��  

+𝑘(𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2) + 2(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧) tan−1 �
𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧

��� |𝑟𝑟𝑟𝑟𝜑𝑟𝑟𝑟𝑟1
𝑟𝑟𝑟𝑟2 |𝑧𝑧𝑧𝑧𝜑𝑧𝑧𝑧𝑧1

𝑧𝑧𝑧𝑧2 , (10) 

 

𝐵𝐵𝐵𝐵𝑧𝑧𝑧𝑧 = 𝑘𝑘𝑘𝑘 𝑘𝑘(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2) + 2(𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟) tan−1 �
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟

��  

+𝑘(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)2) + 2(𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟) tan−1 �
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟

�� + 4𝑧𝑧𝑧𝑧� |𝑟𝑟𝑟𝑟𝜑𝑟𝑟𝑟𝑟1
𝑟𝑟𝑟𝑟2 |𝑧𝑧𝑧𝑧𝜑𝑧𝑧𝑧𝑧1

𝑧𝑧𝑧𝑧2 , (11) 

𝑘𝑘𝑘𝑘 =
µ𝜑

4𝜋𝜋𝜋𝜋(𝑟𝑟𝑟𝑟2 − 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 − 𝑧𝑧𝑧𝑧1) . (12) 

After the calculation of magnetic field, the losses (equal to resistance since current in first coil is one ampere) due to 
proximity effect per unit length are calculated separately for each component of the magnetic field. For that purpose, 
simple, well-known expressions for eddy-current losses (per unit volume) in infinite planar plate of thickness 𝑡𝑡𝑡𝑡 and 
conductivity 𝜎𝜎𝜎𝜎 (page 154 in [12]) are used: 

(6)

(7)

(8)

(9)

Bruno Jurišić, Zvonimir Jurković, Tomislav Župan, Mladen Marković, Hybrid Analytical-FEM Approach for Power Transformer Transient Analysis, Journal of Energy, 
vol. 73 Number 1 (2024), 8–13 
https://doi.org/10.37798/2024731512  
© 2023 Copyright for this paper by authors. Use permitted under Creative Commons Attribution-NonCommercial (CC BY-NC) 4.0 International License
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By solving the integral (9),  and  components of the magnetic 
field are obtained:

After the calculation of magnetic field, the losses (equal to re-
sistance since current in first coil is one ampere) due to proximity 
effect per unit length are calculated separately for each component 
of the magnetic field. For that purpose, simple, well-known expre-
ssions for eddy-current losses (per unit volume) in infinite planar 
plate of thickness t and conductivity σ (page 154 in [12]) are used:

By combining the expressions (10-14), the resistance per unit 
length is calculated as:

III. Measurements on Power Transformer 
Winding Model

To verify the proposed methodology, the overvoltages are me-
asured on the power transformer winding model (see Fig. 4). The 
model includes two axially stacked disc windings that are pressed 
between two steel plates, with no tank or oil. The upper winding 
has 48 discs and 9 conductors in disc, whereas the bottom winding 
has 48 discs and 10 conductors in disc. The standard impulse test 
wave 1.2/50 µs is generated using the surge generator Haefely type 
481. To enable measurement of voltage along the winding, insu-
lation is removed and copper terminals are soldered in 48 places. 
Then, voltage waveforms at these terminals are measured using 
the oscilloscope Tektronix DPO 4054 and measuring probes. The 
measurement setup is illustrated in Fig. 5.

Fig. 4.  The winding model

Fig. 1.  The geometry of two circular coaxial coils with rectangular 
cross-sections

Fig. 2.  The examples of G function for different coil’s geometries

Fig. 3.  The geometry of model for calculation of magnetic field

� 𝐺𝐺𝐺𝐺(𝜑𝜑𝜑𝜑)𝑑𝑑𝑑𝑑𝜑𝜑𝜑𝜑
𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑𝜑𝜑
≈ 𝐺𝐺𝐺𝐺𝜑

⎣
⎢
⎢
⎡0.008618 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

�
3

+ 9.711 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2

+ 159.6𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
+ 75.62

�𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
3

+ 35.03 �𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2

+ 131.3𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
+ 77.74

−
1.07𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

− 0.5949

�𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑
�
2
− 0.5201𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝜑

− 0.002404⎦
⎥
⎥
⎤

. (6) 

Above-mentioned expressions can be used to calculate the self-inductance. In that case, geometrical parameters are 
𝑟𝑟𝑟𝑟3 = 𝑟𝑟𝑟𝑟1 + 𝛥𝛥𝛥𝛥, 𝑟𝑟𝑟𝑟4 = 𝑟𝑟𝑟𝑟2 + 𝛥𝛥𝛥𝛥, 𝑧𝑧𝑧𝑧3 = 𝑧𝑧𝑧𝑧1 + 𝛥𝛥𝛥𝛥, and 𝑧𝑧𝑧𝑧4 = 𝑧𝑧𝑧𝑧2 + 𝛥𝛥𝛥𝛥. Small displacement 𝛥𝛥𝛥𝛥 is added to avoid singularities, which are 
explained in papers [6-7]. In this paper, that displacement is 𝛥𝛥𝛥𝛥 = 10−6. 

Expressions for 𝐺𝐺𝐺𝐺𝜑 and 𝐺𝐺𝐺𝐺𝜋𝜋𝜋𝜋 are given in papers [6-7]. 

C. Resistance 

The resistances in the proposed model include DC resistance, and AC resistances that represent losses due to skin and 
proximity effects. The resistance per unit length that takes skin effect into account is calculated using the expression [13] 

𝑅𝑅𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ =
1

4𝜎𝜎𝜎𝜎(ℎ + 𝑤𝑤𝑤𝑤)2 �
ℎ
𝛿𝛿𝛿𝛿

sinh �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿� + sin �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿�

cosh �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿� + cos �2𝑤𝑤𝑤𝑤𝛿𝛿𝛿𝛿�
+
𝑤𝑤𝑤𝑤
𝛿𝛿𝛿𝛿

sinh �2 ℎ𝛿𝛿𝛿𝛿� + sin �2 ℎ𝛿𝛿𝛿𝛿�

cosh �2 ℎ𝛿𝛿𝛿𝛿� + cos �2 ℎ𝛿𝛿𝛿𝛿�
+ 2� , (7) 

where 𝑤𝑤𝑤𝑤 and ℎ are width and height of the conductor, respectively. If the conductor consists of more separately insulated 
wires (e.g. continuously transposed conductor), resistance for each wire is calculated separately. The parameter 𝜎𝜎𝜎𝜎 is the 

electrical conductivity of conductor, and the parameter 𝛿𝛿𝛿𝛿 = � 1
𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋µ𝜎𝜎𝜎𝜎

 is the skin depth of conductor. R matrix is calculated 

at arbitrarily chosen frequency 𝑓𝑓𝑓𝑓 = 10 kHz. 
To calculate the losses due to proximity effect, magnetic field at the position of another coil (𝑟𝑟𝑟𝑟𝜑, 𝑧𝑧𝑧𝑧𝜑) must be calculated. 

The geometry of windings is simplified to get simple mathematical expressions. The permeable core is neglected and the 
geometry of winding is assumed to be planar (see Fig. 3). Expressions for magnetic field are derived from Biot-Savart 
law: 

𝑩𝑩𝑩𝑩(𝒓𝒓𝒓𝒓) =
µ𝜑
4𝜋𝜋𝜋𝜋

�
𝐼𝐼𝐼𝐼𝑑𝑑𝑑𝑑𝒍𝒍𝒍𝒍 × 𝒓𝒓𝒓𝒓′

|𝒓𝒓𝒓𝒓′|3
. (8) 

For the geometry shown in Fig 3 (infinitely long coil of rectangular cross-section with current of one ampere), Biot-Savart 
(8) can be written as: 

𝐵𝐵𝐵𝐵(𝑟𝑟𝑟𝑟𝜑, 𝑧𝑧𝑧𝑧𝜑) =
µ𝜑

4𝜋𝜋𝜋𝜋(𝑟𝑟𝑟𝑟2 − 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 − 𝑧𝑧𝑧𝑧1) � � �
(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑎𝑎𝑎𝑎𝑟𝑟𝑟𝑟����⃗ − (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)𝑎𝑎𝑎𝑎𝑧𝑧𝑧𝑧����⃗

�𝑙𝑙𝑙𝑙2 + (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2
3

𝑧𝑧𝑧𝑧2

𝑧𝑧𝑧𝑧1

𝑟𝑟𝑟𝑟2

𝑟𝑟𝑟𝑟1

𝑑𝑑𝑑𝑑𝑙𝑙𝑙𝑙 𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟
∞

𝑙𝑙𝑙𝑙𝜑−∞

𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧. (9) 

By solving the integral (9), 𝑟𝑟𝑟𝑟 and 𝑧𝑧𝑧𝑧 components of the magnetic field are obtained: 
 

𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟 = 𝑘𝑘𝑘𝑘 𝑘𝑘(𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2) + 2(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧) tan−1 �
𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧

��  

+𝑘(𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)2 + (𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2) + 2(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧) tan−1 �
𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧

��� |𝑟𝑟𝑟𝑟𝜑𝑟𝑟𝑟𝑟1
𝑟𝑟𝑟𝑟2 |𝑧𝑧𝑧𝑧𝜑𝑧𝑧𝑧𝑧1

𝑧𝑧𝑧𝑧2 , (10) 

 

𝐵𝐵𝐵𝐵𝑧𝑧𝑧𝑧 = 𝑘𝑘𝑘𝑘 𝑘𝑘(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟)2) + 2(𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟) tan−1 �
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟𝜑 − 𝑟𝑟𝑟𝑟

��  

+𝑘(𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙((𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧)2 + (𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟)2) + 2(𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟) tan−1 �
𝑧𝑧𝑧𝑧𝜑 − 𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟𝜑 + 𝑟𝑟𝑟𝑟

�� + 4𝑧𝑧𝑧𝑧� |𝑟𝑟𝑟𝑟𝜑𝑟𝑟𝑟𝑟1
𝑟𝑟𝑟𝑟2 |𝑧𝑧𝑧𝑧𝜑𝑧𝑧𝑧𝑧1

𝑧𝑧𝑧𝑧2 , (11) 

𝑘𝑘𝑘𝑘 =
µ𝜑

4𝜋𝜋𝜋𝜋(𝑟𝑟𝑟𝑟2 − 𝑟𝑟𝑟𝑟1)(𝑧𝑧𝑧𝑧2 − 𝑧𝑧𝑧𝑧1) . (12) 

After the calculation of magnetic field, the losses (equal to resistance since current in first coil is one ampere) due to 
proximity effect per unit length are calculated separately for each component of the magnetic field. For that purpose, 
simple, well-known expressions for eddy-current losses (per unit volume) in infinite planar plate of thickness 𝑡𝑡𝑡𝑡 and 
conductivity 𝜎𝜎𝜎𝜎 (page 154 in [12]) are used: 

(10)

(11)

(12)

(13)

(14)

𝑝𝑝𝑝𝑝 =
(2𝜋𝜋𝜋𝜋𝑓𝑓𝑓𝑓)2𝐵𝐵𝐵𝐵2𝑡𝑡𝑡𝑡2𝜎𝜎𝜎𝜎

24
. (13) 

By combining the expressions (10-14), the resistance per unit length is calculated as: 

𝑅𝑅𝑅𝑅𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝′ =
𝜎𝜎𝜎𝜎𝜋𝜋𝜋𝜋2𝑓𝑓𝑓𝑓2�𝐵𝐵𝐵𝐵𝑟𝑟𝑟𝑟2ℎ3𝑤𝑤𝑤𝑤 + 𝐵𝐵𝐵𝐵𝑧𝑧𝑧𝑧2𝑤𝑤𝑤𝑤3ℎ�

6
. (14) 
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Fig. 3.  The geometry of model for calculation of magnetic field. 

 
III. MEASUREMENTS ON POWER TRANSFORMER WINDING MODEL 

To verify the proposed methodology, the overvoltages are measured on the power transformer winding model (see 
Fig. 4). The model includes two axially stacked disc windings that are pressed between two steel plates, with no tank or 
oil. The upper winding has 48 discs and 9 conductors in disc, whereas the bottom winding has 48 discs and 10 conductors 
in disc. The standard impulse test wave 1.2/50 µs is generated using the surge generator Haefely type 481. To enable 
measurement of voltage along the winding, insulation is removed and copper terminals are soldered in 48 places. Then, 
voltage waveforms at these terminals are measured using the oscilloscope Tektronix DPO 4054 and measuring probes. 
The measurement setup is illustrated in Fig. 5. 
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IV. Mathematical Model Results
The overvoltages along the winding model are calculated using 

the methodology proposed in Section II. The results are compared 
against the measurements. Then, the visualization of voltages in 
the winding, using color mapping, is presented.

A. Model verification
The calculated voltage waveforms at three terminals and dis-

tribution of maximum voltages to ground along the winding are 
compared against the measurements. The comparison is shown in 
Fig. 6.

The error for maximum values of voltages, shown in Fig. 6, are 
given in Table I.

Table I.

Relative Errors For Maximum Values of Voltages

   Error [%]

  Terminal 7 waveform   -1.2

  Terminal 17 waveform   -4.6

  Terminal 27 waveform    1.7

  Distribution along winding  -3.2

B. Visualization of voltages in the winding
The proposed model enables the calculation of voltage wave-

forms for every single turn. Such detailed results can be represen-
ted in various ways, numerically and visually. Spatial distribution 
of voltage can be represented visually for the entire winding using 
color mapping. Maximum voltages to ground and voltages betwe-
en adjacent turns (radially, axially and diagonally) of interleaved 
winding with radial and axial channel are shown in Fig. 7. Except 
maximum values, voltage values can be shown for every time step. 
By taking series of images with voltage values for every time step, 
animation can be generated that shows behavior of voltage in spa-
ce and time (for example, propagation and reflections of transient 
wave can be shown).
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winding are compared against the measurements. The comparison is shown in Fig. 6. 
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Fig. 6. The voltage waveforms at terminals 7 (a), 17 (b), 27 (c), and distribution of maximum voltages to ground along the 
winding (d). 
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(a) (b) (c) (d) 

 

(e) 

Fig. 7. The representation of maximum voltages to ground (a), and between radially (b), axially (c) and diagonally (d) adjacent turns. 
Propagation of transient wave is shown by series of images with instantaneous values of voltage (e). 

Fig. 7. The representation of maximum voltages to ground (a), and between radially (b), axially (c) and diagonally (d) adjacent turns. Propagation of 
transient wave is shown by series of images with instantaneous values of voltage (e)
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V. Conclusion
The methodology for calculation of transient overvoltages in a 

power transformer is presented in the paper. The transformer win-
ding is modeled down to the level of turn, using lumped RLC para-
meters. The model is solved in time domain using Dommel’s met-
hod. The capacitances are calculated using simple analytical mo-
dels and correction factors based on the 2D FEM. The inductances 
and resistances are calculated using analytical models that neglect 
the permeable core, which is valid when calculating high frequ-
ency transients. The proposed methodology enables fast calcula-
tions even with complicated transformer winding geometries with 
thousands of turns. The calculation of RLC parameters is in a time 
range of seconds, whereas the calculation in the time domain is in 
a time range of tens of seconds. That makes the proposed metho-
dology suitable for application in the transformer design process.

The mathematical expressions for the calculation of inductan-
ces are derived using the Green’s function for vector magnetic 
potential. To derive the expressions, multiple integral with respect 
to five variables must be solved. In the existing literature, integral 
is solved with respect to four variables, whereas numerical inte-
gration with respect to the fifth variable is necessary. To avoid 
numerical integration, approximation of the unsolved integral is 
introduced. The resistances are calculated using simple analytical 
expressions from the existing literature. However, the model for 
calculation of the magnetic field is derived from the Biot-Savart 
law with assumption of planar geometry of windings. The closed-
form expressions for inductances and resistances, with no need for 
numerical integration, allow very fast calculations.

The measurements of overvoltage distribution on the experi-
mental winding model are done to verify the proposed approach. 
The comparison between calculation and measurement results has 
shown good accuracy of the proposed model, as in the worst case 
the amplitude error is less than five percent. The possibility of de-
tailed visualization of voltage in the winding is presented. Except 
standard representation of results, such as numerical data or 2D 
plots of waveforms, detailed visualization of voltages in the win-
dings or between the windings can be a very helpful tool for power 
transformer design engineers.
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Measurement Uncertainty in On-line Bushing Monitoring
Wiesław Gil, Wiktor Masłowski 

Summary — The high voltage bushing on-line monitoring has 
been performed for many years to prevent unexpected rapid power 
network failures. Network unbalance correction, based on separate 
voltage phase measurement or phasor technique, effectively improves 
the measurements of bushing dielectric dissipation factor tgδ and ca-
pacitance factor C1. The newly implemented monitoring units reveal 
that the uncertainty of station voltage measuring transformers mani-
fest the greatest influence on the overall uncertainty budget, regardle-
ss of the measurement method. 

Keywords — Online bushing monitoring, power network unbalan-
ce, measuring uncertainty of isolation coefficients.  

I. High Voltage Bushing Monitoring

The properties of bushings are susceptible to gradual degra-
dation caused by material aging accelerated by temperature 
changes, weather conditions, and disturbances occurring du-

ring power grid operation. These processes can lead to sudden fa-
ilure of the bushing, resulting in, at least, a transformer shutdown. 
[1].

For many years a systematic assessment of the condition of 
the bushing has been carried out, based not only on the results of 
periodic tests and measurements, but also on online monitoring. 
This assessment involves the continuous values analysis and trends 
evaluation related to bushing dielectric loss coefficient tgδ and its 
capacitance C1. These parameters are determined based on leakage 
current or voltage measured at the bushing’s measure taps. Mea-
suring systems, based on probes located in bushings’ measuring 
sockets and monitoring modules, are installed to collect data and 
determine the insulation indicators mentioned above. Remote or 
local servers process and collect data over a long period of time, 
presenting the results through charts, tables, warnings and alarms.

In the oldest solutions from the last century, the leakage cu-
rrents of bushings operating in three-phase autotransformers and 
transformer systems were summarized and the total leakage cu-
rrent was measured. [2]. After the year 2000, methods known as 
the relative methods were developed for online measurements of 
insulation indicators. These methods do not directly determine the 
insulation indexes, but specify changes relative to their initial valu-
es. A relative voltage method is one of such methods. Additionally, 
there are direct methods known, were the values of leakage cu-
rrents or the parameters of the relevant voltage vectors are directly 
evaluated by phasors measurements.

II. Relative Voltage Method 
The relative voltage method [3] is based on the model shown 

in Fig. 1 and 2. The C1 represents the so-called main bushing capa-
citance, which reflects the resultant capacitance of the cylindrical 
capacitors forming its core. The capacitance C2 represents the ca-
pacitance between the measuring tap and the ground potential. A 
reference capacitor CW is connected to the bushing’s measuring tap 
by the use of special probe. Thus, a divider of phase voltage U is 
created to measure the V voltage.

The CW capacitance is selected to obtain V voltage of approxi-
mately 50V at the measuring tap. The capacitance C2 can be neglec-
ted as it is several hundred times smaller than Cw. The resistance Rs 
represents the bushing’s loss. The current I of the capacitor CW is 
the sum of currents Ic and Ir. The tgδ value of the δ angle between 
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Fig. 1. Equivalent of the bushing with the capacitor Cw connected to the 
measuring tap

Fig. 2. Vector V displacement by δ angle

 

 

 

Measurement uncertainty in on-line 
 bushing monitoring 

W. Gil1, W. Masłowski1  
1MIKRONIKA, ul Wykopy 2/4, 60-001 Poznań, Poland   

E-mail: wieslaw.gil@mikronika.com.pl 
 
Abstract - The high voltage bushing on-line monitoring has been performed for many years to prevent unexpected rapid 
power network failures. Network unbalance correction, based on separate voltage phase measurement or phasor technique, 
effectively improves the measurements of bushing dielectric dissipation factor tgδ and capacitance factor C1. The newly 
implemented monitoring units reveal that the uncertainty of station voltage measuring transformers manifest the greatest 
influence on the overall uncertainty budget, regardless of the measurement method.  
Index Terms - Online bushing monitoring, power network unbalance, measuring uncertainty of isolation coefficients.   
 

I. HIGH VOLTAGE BUSHING MONITORING 

The properties of bushings are susceptible to gradual degradation caused by material aging accelerated by temperature 
changes, weather conditions, and disturbances occurring during power grid operation. These processes can lead to 
sudden failure of the bushing, resulting in, at least, a transformer shutdown. [1]. 
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the U and V voltage vectors, indicates the value of the bushing’s 
dielectric dissipation factor. The described method is relative be-
cause it does not directly determine the insulation coefficient, but 
instead assesses their relative changes in relation to the initial valu-
es of C1p and tgδp, which are obtained during off-line measurements 
or adopted according to the manufacturer’s data.

During calibration, the CW value is determined according to 
equation (1), for the actual phase voltage Up and the measurements 
voltage Vp.      

𝐶𝐶𝑤𝑤 = 𝐶𝐶1𝑝𝑝 �
𝑈𝑈𝑝𝑝
𝑉𝑉𝑝𝑝
− 1� (1)

Then, bushing capacity C1 values are calculated according to 
the equation (2) in relation to the voltage changes on Cw.

𝐶𝐶1 =
𝐶𝐶𝑤𝑤

𝑈𝑈𝑝𝑝
𝑉𝑉𝑝𝑝
− 1

 
(2)

If the tgδp value is known from off-line measurements, the cu-
rrent values and changes in the dielectric loss factor tgδ are de-
termined relative to the initial tgδp value. If a change of dielectric 
properties, causing the change of the vector angle, occurs only in 
one phase A as shown in Fig. 2, then the value of tgδAD can be de-
termined basing on the eq. (3).

tan 𝛿𝛿𝐴𝐴𝐴𝐴 = [tan�𝛿𝛿𝐴𝐴𝐴𝐴 − 𝛿𝛿𝐴𝐴𝑝𝑝� +arctg𝛿𝛿𝐴𝐴𝑝𝑝 � (3)

Where:

δAD – actual angle displacement of phase A bushing voltage 

δAp – initial angle displacement of phase A bushing voltage vec-
tor, based eg. on last bushing service measurements  

In earlier applied solutions [3], the initial values of δAp, δBp, δCp 
angles were determined for each phase basing on off-line tgδAp, 
tgδBp ,tgδCp measurements, and the positions of the phase voltage 
vectors VA, VB, VC were corrected, as depicted in Fig. 3. One of the 
voltages V(A,B,C) was chosen as the reference voltage, and the angu-
lar displacements of the other two vectors were measured in rela-
tion to it. Similar relationships were applied to the other phases. 
However, due to the unbalance of the power network, the position 
of the VD vector fluctuates, as shown in Fig. 4.

Voltage unbalance is extremely important in “the depth “of the 
power network. For example, a momentary change of the δ angle 
between 10 and 30 minutes can result in a change in tgδ ranging 
from 0.3% to 0.8%. Such a change should be identified as excee-
ding the permissible tgδ value for OIP bushings. Even greater vol-
tage unbalances than the above may occur in the power grid. As a 
result, the insulation coefficient measurements using the discussed 
method becomes very imprecise. This dysfunction was limited by 
the use of object learning algorithms, various filtration methods, 
and averaging results, even within 24 hours.

III. Monitoring with Power Network Unbalance 
Correction  

In dozens of bushing monitoring systems operating in Poland, 
a power network unbalance correction has been introduced [4]. 
In the monitoring system, denoted as MM in Fig. 5, an indepen-
dent converter was dedicated to measuring the voltage modules 
and phase angles at the substation voltage transformers. Having 
knowledge of modules and phase angles of voltage vectors me-
asured at voltage transformers allows to determine the relative 
values of the corrected tgδ and C1 coefficients for each bushing. 
Fig. 6 illustrates the MM-F modification introduced in 2021 to the 
MM systems. This modification involves the direct measurement 
of voltage vectors from voltage transformers in a single device, 
including measurements of voltage vectors from bushing measu-
ring probes. All voltages are sampled synchronously. In the modi-
fied method, the phasors of the voltages measured at the measuring 
taps are determined every second in relation to the voltages from 
the station voltage transformers.

The capacitances C1 of individual bushings in the modified 
system (MM-F) are determined in analogously to the unbalance 
correction method (MM). However, the vector modules and their 
angles are synchronously determined for the bushings and tran-
sformers HV and the LV line voltages. The modification removes 
additional errors in the angle and amplitude measurements caused 
by the lack of synchronization of sampling between the calculation 
module and the additional converter.

Fig. 3. Change in the positions of vectors VA, VB, VC, and the new 
position of vector VA due to increased dielectric losses

Fig. 4. Fluctuation in the positions of vectors VA, VB, VC, due to power 
network unbalance
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IV. Factors Influencing Measurement 
Uncertainity

The determined values of C1, tgδ and their changes over spe-
cific periods of time are compared to the criteria values establis-
hed to inform about any occurring irregularities. It is important to 
identify the factors that influence the uncertainty of the conducted 
measurements, because it affects the reliability of the indicators, 
consequently, the usefulness of the installed bushing monitoring. 

The measuring module properties are determined by the re-
solution and linearity of the measurement inputs, the temperature 
drift of the used components and the system’s resistance to electro-
magnetic interferences. These factors influence the measurements 
on the basis of which the insulation coefficients are calculated. Du-
ring laboratory tests of MM and MM-F units, the standard uncerta-
inty of voltage measurement u(U)=0.01[V], and the measurement 
of the angle u(°)=0.002’ was demonstrated.

The quality of the components in the measuring probe not 
only affects measurement stability, but also the reliability of the 
monitored transformer [5]. Failure of the measuring probe installed 
in the bushing measuring socket may lead to arcing, corrosion or 
other damage to the measuring tap, and in critical cases, it can lead 
to damage of the bushing.  High quality polypropylene capacitors 
were applied in the probes to create the Cw capacitance. The ave-
rage temperature drift of the probe was assessed to be 0.43nF/°C. 
It corresponds to a capacitance change C1 of about 2pF/10°C. The 
change in the measured angle due to the temperature influence, 
converted to the value of tgδ, introduces the maximum standard 
uncertainty u(tgδ)=0.004 [%].

The uncertainty budget should include the bushing ratio un-
certainty. This uncertainty arises from the ratio variability between 
the phase voltage and the voltage measured at the test tap. The rele-
vant characteristics were made in the transformer test room and the 
standard uncertainty of the voltage measured at the measuring ter-
minal u(V) was estimated in the range from 0.04 to 0.12 [%]. Lower 
uncertainties u(V) were obtained after calibrating the system to 
compensate the permanent errors. When calibration was not carri-
ed out, then significantly higher uncertainties were observed.

The uncertainties of the station voltage transformers should 
be taken into account because the measurements obtained from 
these devices are used to evaluate and correct the phase unbalance. 
Therefore, based on the test protocols of class 0.2 station transfor-
mers, the uncertainties of angle and phase voltage measurements 
were determined for both calibrated and uncalibrated systems. 
These results are presented in Tab. 1. Based on the angle mea-
surements uncertainty u(°), the maximum uncertainty equivalent 
contributed to the tgδ calculations was determined to be 0.01% for 
a calibrated system and 0.1% for an uncalibrated system, respecti-

vely. The uncertainty of the line voltage measurements was taken 
into account when calculating the combined uncertainty of the ca-
pacitance measurement ud(C1), using the total differential method.

Table I. 

Uncertainity of Station Transformers 

calibrated uncalibrated
u(°) [‘] u(V) [%] u(°) [‘] u(V) [%]
0,15 0.01 3,4 0.1

V. Measurement Uncertainity of tg(δ)
For both presented systems, tgδ measurements were conducted 

on a laboratory stand, and the expected uncertainties in station con-
ditions were estimated. The obtained results were then compared 
to the actual results at the power station. The measurements and 
the estimation uncertainty budget are presented in Tab. 2. When 
determining the extended uncertainty U(tgδ) in the laboratory, the 
standard deviations u(tgδ) resulting from the scattering of mea-
surements and the equivalent uncertainty of the angle measure-
ment uΔ(tgδ) resulting from two independent measurements of the 
angle difference in two devices in the MM system and a single 
angle measurement in one device in the MM-F system were taken 
into account. The temperature of the probe was not specified in the 
budget because the measurements were conducted at a constant 
temperature. It was assumed that permanent errors were compen-
sated for during the calibration of the laboratory system.

In the estimation for the station conditions, the standard me-
asurement system uncertainty u(tgδ) was assumed based on me-
asurements conducted in laboratory conditions. The equivalent 
uΔ(tgδ) uncertainty resulting from the angle measurements on the 
station voltage transformers was taken into account - twice for the 
MM and once for the MM-F systems. The equivalent u(T) resul-
ting from the temperature influence on changes in the tgδ coeffici-
ent was also considered. 

The complex standard uncertainty uc(tgδ) in laboratory condi-
tions is more than 100% higher in the MM system compared to the 
MM-F system, in which simultaneous sampling of voltages from 
measuring terminals and voltage transformers has been implemen-
ted. The estimation for station conditions shows an uncertainty of 
approximately 50% greater in the MM system than in the MM-F 
system. In the calibrated MM system, the complex standard un-
certainties uc(tgδ) estimated for station conditions are about 50% 
higher than in the MM-F system. The obtained results confirm the 
better measurement properties of the MM-F system. The lack of 
calibration increases multiple times the uncertainty in both the MM 
and MM-F systems.

Fig. 5. Bushing monitoring measurements based on power network 
unbalance correction (MM)

Fig. 6. Modified measuring device (MM-F)

synchronously. In the modified method, the phasors of the voltages measured at the measuring taps are determined 
every second in relation to the voltages from the station voltage transformers. 
The capacitances C1 of individual bushings in the modified system (MM-F) are determined in analogously to the 
unbalance correction method (MM). However, the vector modules and their angles are synchronously determined for 
the bushings and transformers HV and the LV line voltages. The modification removes additional errors in the angle 
and amplitude measurements caused by the lack of synchronization of sampling between the calculation module and the 
additional converter. 
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TABLE 1. UNCERTAINITY OF STATION TRANSFORMERS  

calibrated uncalibrated 
u(°) [‘] u(V) [%] u(°) [‘] u(V) [%] 

0,15 0.01 3,4 0.1 
 

Wiesław Gil, Wiktor Masłowski, Measurement Uncertainty in On-line Bushing Monitoring, Journal of Energy, vol. 73 Number 1 (2024), 14–17 
https://doi.org/10.37798/2024731509   
© 2023 Copyright for this paper by authors. Use permitted under Creative Commons Attribution-NonCommercial (CC BY-NC) 4.0 International License



17

Tab. 2 also presents the uncertainty of tgδ measurements for 
the MM and MM-F systems, based on actual measurements con-
ducted over a 15-day period performed at several power stations. In 
the MM system, the extended uncertainty U(tgδ) ranges from 0.02 
to 0.08. In the MM-F system, the maximum uncertainty is twice 
lower than in the MM system, which confirms its superior mea-
surement properties. The actual maximum uncertainties are several 
times lower than the estimation for uncalibrated systems, in which 
constant errors have not been compensated. The minimum actual 
values of U(tgδ) are analogous to the estimates for compensated 
systems.

Table II.  

Uncertainity Budget Of Tg(Δ)[%] Measurements

uncertainity tgδ [%] laboratory
assessment for station condition actual stations 

measurementscalibrated not calibrated
description symbol MM MM-F MM MM-F MM MM-F MM MM-F
device 
dispersion 

u(tgδ) 0,003 0,002 0,007 0,003 0,007 0,003 - -

phase 
angle 1

uΔ(tgδ) 0,004 0,002 0,005 0,005 0,099 0,099 - -

phase 
angle 2

uΔ(tgδ) 0,004 - 0,005 - 0,099 - - -

probe 
temperature

u(T) - - 0,004 0,004 0,004 0,004 - -

complex u
c(tgδ) 0,007 0,003 0,01 0,007 0,14 0,1 - -

extended 
(95%)

U(tgδ) 0,02 0,01 0,02 0,02 0,3 0,2 0,02-
0,08

0,02-
0,04

VI. Measurement Uncertainity of C1
Similar to the tgδ measurements, C1 measurements were per-

formed in a laboratory. The expected uncertainties in station con-
ditions were estimated and compared to the results obtained for 
real data. The measurements uncertainty budget and estimation 
are presented in Table 3. In the laboratory conditions, the U(C1) 
determination takes into account the standard deviation u(C1) re-
sulting from measurements scattering, and the equivalent uncer-
tainty u(ΔC1max) resulting from the calibration uncertainty of the 
measuring system. The uncertainty ud(C1) resulting from the influ-
ence of the uncertainty of simulated line voltage measurements on 
the simulated voltages at the measuring terminal was considered. 
The probe temperature was not taken into account, as the measure-
ments were conducted at a constant temperature. It was assumed 
that permanent errors were compensated during calibration.

Table  III. 

Uncertainity Budget OF C1 [pF] Measurements

uncertainity C1(pF) laboratory
assessment for station 
condition actual stations 

measurements
calibrated not callibrated

description symbol MM MM-F MM MM-F MM MM-F MM MM-F
device 
dispersion 

u(C1) 0,01 0,01 0,17 0,15 0,17 0,15 - -

calibration u(ΔC1max) 0,04 0,03 - - - -
U/V relativ 
influence

ud(C1) 0,16 0,14 0,61 0,56 1,73 1,59 - -

Probe 
temperature 

u(T) - - - - - - - -

complex uc(C1) 0,17 0,15 0,63 0,58 1,74 1,6 -
extended 
(95%)

U(C1) 0,4 0,3 2 2 4 4 1,1-3,1 1,1-1,4

In the estimation for station conditions, the standard uncerta-
inty of the measurement system u(C1) was assumed based on la-
boratory measurements. The uncertainty ud(C1) resulting from the 
influence of the uncertainty of measuring the actual phase voltage 

on the measuring tap voltage of the voltage transformers was also 
taken into account. The uncertainty resulting from the temperature 
u(T) influence has not been taken into account. It was assumed that 
compensation is possible due to the observed linear nature of this 
influence, which causes an increase in the measured value of C1 by 
approximately 2pF/10 °C increase in temperature. 

Taking into account the monitoring module uncertainty under 
laboratory conditions, it was estimated that the extended uncerta-
inty U(C1) of the capacitance measurement for a range of 400 to 
500 pF in substation conditions will not exceed 2pF. If the mea-
surement system is not calibrated, the voltage measurement un-
certainty should be assumed as u(U)=0.1% of the measured value. 
For the uncertainty u(V), which is 0.12% according to the tests, 
the expanded uncertainty of the capacitance measurement U(C1) 
reaches 4 pF.  In the MM-F version, the maximum expanded un-
certainties U(C1) determined based on the real measurements are 
more than twice as low in comparison to the MM system. This is 
due to the simultaneous sampling of the voltage at the measuring 
terminal and the phase voltage, which results in greater immunity 
to momentary voltage changes caused by short-term disturbances.

VII. Conclusions
In online monitoring systems for high-voltage bushing insu-

lation indicators, the correction of the influence of power network 
unbalance determines the usefulness of the obtained results in 
assessing the condition of the bushings. Calibration is necessary 
to compensate for constant errors introduced by individual system 
components. The uncertainties of voltage transformer parameters 
and the influence of temperature should be taken into account in 
the uncertainty budget.

In the calibrated measurement system, under real conditions 
at the power station, it is possible to obtain the measurement un-
certainty of the dielectric loss factor tgδ of no more than 0.02% 
in absolute conventional percentage units, which is the traditional 
unit for expressing this factor. In a calibrated measuring system 
with reference voltage measurement on voltage transformers, the 
uncertainty of C1 capacitance measurements can be kept within a 
maximum of 2pF. However, the lack of calibration significantly 
increases the tgδ measurements uncertainty, resulting in values of 
even 10 or 15 times bigger to the value of 0.2% or 0.3%. The uncer-
tainty of C1 measurement increases then to +/-4pF.
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Improving the Reliability of Online Bushing Monitoring
Vedran Jerbić, Samir Keitoue, Jurica Puškarić, Ivan Tomić 

Summary — This paper discusses the common issue of bushing 
failures in power transformers and presents methods for preven-
ting such failures through online monitoring. The paper presents a 
method based on the comparison of bushing leakage currents from 
different transformers connected to the same busbars to overcome 
problems with unreliable measurement results due to grid voltage im-
balance or frequent transformer outages.

Keywords — bushing, online monitoring, insulation diagnostic, ca-
pacitance, tan delta. 

I. Introduction

Together with windings and tap changers, bushing-related 
failures are among the top three major contributors to tran-
sformer failures. CIGRE study [1] analyzed 964 major tran-

sformer failures and results have shown that bushing failures cause 
14.4% of all transformer failures on average. However, the share of 
bushing-related failures increases significantly with increasing vol-

tage class totaling 27.8% for transformers with the highest system 
voltage from 500 kV to 700 kV. It is also worth mentioning that 
failures originating in the bushings most often lead to severe con-
sequences such as fires and explosions (Fig 1). 

Deeper analyses on bushing reliability, where bushing failures 
were analyzed separately from transformer failures and included 
incipient and non-transformer damaging failures were conducted 
in another CIGRE study [2]. In case an incipient fault is discovered 
early enough it allows the user to schedule a transformer outage 
and replace, or repair, faulty bushing to prevent transformer failu-
re. To discover the incipient fault, several bushing diagnostic tech-
niques have been developed over the past decades and they differ 
based on the required transformer state (offline or online) and the 
frequency in which they are performed (periodic or continuous).

Commonly accepted diagnostic methods for assessment of 
bushing insulation state are capacitance and dissipation factor or 
power factor measurements. Many utilities perform these proce-
dures on a periodic basis. Since offline measurements are perfor-
med with stable environment conditions and controlled and known 
voltage source, they are very precise and reliable. However, those 
measurements require trained personnel and equipment and must 
be performed while the transformer is offline. Over the last three to 
four decades utilities around the globe started using bushing onli-
ne monitoring to assess bushing parameters while transformer is 
online. Online monitoring is performed while operating conditions 
such as voltage, load and ambient temperature dynamically chan-
ge, and that has a significant impact on the precision and reliability 
of those measurements. There are multiple methods developed to 
minimize that influence and one of them is presented in this paper. 

II. Online Bushing Monitoring Methods
Bushings are being monitored by connecting an additional ca-

pacitive divider on the bushing test (measuring) tap. The connecti-
on to the bushing test tap is established by using specially designed 
adaptors to fit different designs of test taps of various bushing types 
and manufacturers. In this way, it is possible to measure the lea-
kage currents that flow through bushing insulation and calculate 
changes in the bushing’s capacitance and power factor. The mea-
suring path of the system is given in Fig 2.
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I. INTRODUCTION 

Together with windings and tap changers, bushing-related failures are among the top three major contributors to 
transformer failures. CIGRE study [1] analyzed 964 major transformer failures and results have shown that bushing 
failures cause 14.4% of all transformer failures on average. However, the share of bushing-related failures increases 
significantly with increasing voltage class totaling 27.8% for transformers with the highest system voltage from 500 kV 
to 700 kV. It is also worth mentioning that failures originating in the bushings most often lead to severe consequences 
such as fires and explosions (Fig 1).  

 
Figure 1: Failure location where fire or explosion occurred [1]. 

Deeper analyses on bushing reliability, where bushing failures were analyzed separately from transformer failures and 
included incipient and non-transformer damaging failures were conducted in another CIGRE study [2]. In case an 
incipient fault is discovered early enough it allows the user to schedule a transformer outage and replace, or repair, faulty 
bushing to prevent transformer failure. To discover the incipient fault, several bushing diagnostic techniques have been 
developed over the past decades and they differ based on the required transformer state (offline or online) and the 
frequency in which they are performed (periodic or continuous). 
Commonly accepted diagnostic methods for assessment of bushing insulation state are capacitance and dissipation factor 
or power factor measurements. Many utilities perform these procedures on a periodic basis. Since offline measurements 
are performed with stable environment conditions and controlled and known voltage source, they are very precise and 
reliable. However, those measurements require trained personnel and equipment and must be performed while the 
transformer is offline. Over the last three to four decades utilities around the globe started using bushing online monitoring 
to assess bushing parameters while transformer is online. Online monitoring is performed while operating conditions such 
as voltage, load and ambient temperature dynamically change, and that has a significant impact on the precision and 
reliability of those measurements. There are multiple methods developed to minimize that influence and one of them is 
presented in this paper.  
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Fig. 2. Bushing and transient overvoltage monitoring measurement path

Currently there are three major methods and topologies used 
for bushing monitoring and each has its pros and cons speaking in 
terms of results reliability, complexity, and installation expenses. 
They are shown in Fig 3. Please note that the naming of methods 
may differ between different bushing monitoring vendors. 

Fig. 3. Bushing monitoring methods 
A) Three Phase bank; B) VT reference method; C) Dual transformer 
method

The simplest and most common method is three phase bank 
method which uses signals from three bushings connected to the 
same three phase bank. The most popular algorithms are the sum 
of currents, adjacent phase to phase, etc. These algorithms are ba-
sed on comparing initial state or fingerprint data of leakage currents 
phase angle and amplitude with recent measurements. Using some 
mathematics, it is possible to calculate capacitance and dissipation 
factor changes. Capacitance change is expressed as a relative chan-
ge from the initial state ΔC/C and dissipation factor as an absolute 
change Δtgẟ from the initial state. The algorithms are based on the 
following assumptions:

• Only one out of three bushings is faulty at the time.

• The voltage level fluctuates on all three bushings similarly 
at the same rate.

• Angles between phase voltages do not change signifi-
cantly from the initial state.

The first condition is typically fulfilled. Due to the constant 
changes in grid voltage levels, load, and phase angles, the latter 

two conditions are sometimes not fulfilled or are partially fulfilled. 
The accuracy and reliability of the algorithm depends on how well 
those conditions are met. Measured values can be expressed as a 
superposition of real changes in bushing parameters and error cau-
sed by grid imbalance.

(1)

(2)

In case of an unbalanced load or a fault in the grid, false alarms 
can appear because the angle and amplitude of grid voltage phases 
can change. To minimize those issues, algorithms use long avera-
ging and other statistical analysis. Long averaging affects the res-
ponse of the system which can be days or weeks. But even with 
that, there are cases where those algorithms do not provide satis-
factory results and other methods must be used.

The other two methods previously mentioned in Fig 3 are re-
ference based. These are VT (voltage transformer) or dual tran-
sformer methods. Measurements from a reference object, VT, or 
another transformer connected on the same busbar, are used to 
compensate for grid imbalance. Reference methods significantly 
improve dynamic response, accuracy, and reliability of measure-
ment since previously mentioned conditions are no longer required.

As can be seen in Fig 3 B) and C), all signals from the device 
under test and reference object are connected to the same acqui-
sition unit. This simplifies the synchronization of measurements 
from reference object and device under test but at the same time 
complicates cabling and introduces problems such as ground iso-
lation. Very often there are no free secondary terminals of VT or 
other transformer in a substation, or they are far away from the 
device under test. Because of these, in many cases, utilities decide 
to implement the simplest method (three-phase bank) despite its 
drawbacks. 

III. Novel Monitoring Method
A variant of the reference method was developed that can be 

used for upgrading existing systems using three phase method wit-
hout additional expenses and added complexity. The system uses 
already existing digital infrastructure such as LAN to synchroni-
ze distributed acquisition units and share measurement data used 
for compensating grid imbalance problems. Reference acquisition 
unit can be another bushing monitoring system or other third-party 
devices such as a power quality analyzer or SCADA. It is only 
important that it measures voltages and phase angles on the same 
busbar and that can provide data digitally.

II. ONLINE BUSHING MONITORING METHODS 

Bushings are being monitored by connecting an additional capacitive divider on the bushing test (measuring) tap. The 
connection to the bushing test tap is established by using specially designed adaptors to fit different designs of test taps 
of various bushing types and manufacturers. In this way, it is possible to measure the leakage currents that flow through 
bushing insulation and calculate changes in the bushing’s capacitance and power factor. The measuring path of the system 
is given in Fig 2. 
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∆𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝐶𝐶𝐶𝐶0

= ∆𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟
𝐶𝐶𝐶𝐶0

+ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶_𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺     (1) 

∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = ∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟 + 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇_𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺     (2) 

In case of an unbalanced load or a fault in the grid, false alarms can appear because the angle and amplitude of grid 
voltage phases can change. To minimize those issues, algorithms use long averaging and other statistical analysis. Long 
averaging affects the response of the system which can be days or weeks. But even with that, there are cases where those 
algorithms do not provide satisfactory results and other methods must be used. 
 
The other two methods previously mentioned in Fig 3 are reference based. These are VT (voltage transformer) or dual 
transformer methods. Measurements from a reference object, VT, or another transformer connected on the same busbar, 
are used to compensate for grid imbalance. Reference methods significantly improve dynamic response, accuracy, and 
reliability of measurement since previously mentioned conditions are no longer required. 
As can be seen in Fig 3 B) and C), all signals from the device under test and reference object are connected to the same 
acquisition unit. This simplifies the synchronization of measurements from reference object and device under test but at 
the same time complicates cabling and introduces problems such as ground isolation. Very often there are no free 
secondary terminals of VT or other transformer in a substation, or they are far away from the device under test. Because 
of these, in many cases, utilities decide to implement the simplest method (three-phase bank) despite its drawbacks.  
 

III. NOVEL MONITORING METHOD 

A variant of the reference method was developed that can be used for upgrading existing systems using three phase 
method without additional expenses and added complexity. The system uses already existing digital infrastructure such 
as LAN to synchronize distributed acquisition units and share measurement data used for compensating grid imbalance 
problems. Reference acquisition unit can be another bushing monitoring system or other third-party devices such as a 
power quality analyzer or SCADA. It is only important that it measures voltages and phase angles on the same busbar 
and that can provide data digitally. 

 
Figure 4: New variant of the bushing monitoring reference method 

Usual communication in monitoring systems is only one way. The monitoring system sends data to SCADA and does not 
receive any data from SCADA or other monitoring systems connected to SCADA. Existing infrastructure was used to 
establish bidirectional communication between all interconnected devices. Each monitoring system sends its 
measurements to other systems in LAN and receives data from them and SCADA.  

Each unit has an operating three phase bank method used for bushing monitoring and calculates capacitance and 
dissipation change. Systems share calculated values, voltages, phase angles and top oil temperature readings with other 
systems in the same LAN. Grid imbalance compensation is performed as simple subtraction between monitored bushing 
and its reference bushing on another object operating on the same busbar. As the error produced by grid imbalance is the 
same on both the device under test and the reference object, it is canceled in subtraction. The example below explains 
that calculation in detail for dissipation factor measurements.  

∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐺𝐺𝐺𝐺𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 = ∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟,𝐺𝐺𝐺𝐺𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 + 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇_𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺   (3) 
 

∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇_𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 ,                where ∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟,𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 0 (4) 
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Usual communication in monitoring systems is only one way. 
The monitoring system sends data to SCADA and does not receive 
any data from SCADA or other monitoring systems connected to 
SCADA. Existing infrastructure was used to establish bidirectional 
communication between all interconnected devices. Each monito-
ring system sends its measurements to other systems in LAN and 
receives data from them and SCADA. 

Each unit has an operating three phase bank method used for 
bushing monitoring and calculates capacitance and dissipation 
change. Systems share calculated values, voltages, phase angles and 
top oil temperature readings with other systems in the same LAN. 
Grid imbalance compensation is performed as simple subtraction 
between monitored bushing and its reference bushing on another 
object operating on the same busbar. As the error produced by grid 
imbalance is the same on both the device under test and the referen-
ce object, it is canceled in subtraction. The example below explains 
that calculation in detail for dissipation factor measurements. 

(3)

(4)

Since it is very unlikely that bushings on both reference and 
device under tests, have elevated dissipation factor for same value 
and at the same time, one of measured values consists only of error 
generated by grid imbalance and other consist of error generated 
by grid and real change of bushing dissipation factor. This is shown 
by equations 3 and 4. 

(5)

Subtraction of those two equations gives final equation 5 where 
error produced by grid is canceled. The same principle is applied 
for capacitance measurements and gives the following equation.

(6)

However, the key factor for subtraction is that measurements 
are synchronized and that bushing temperatures are more or less 
equal or different but stable. Different temperatures between 
objects can be compensated using thermal compensation curves 
retrieved from bushing manufacturers [3] but keep in mind that 
those curves are valid only for static temperature, where all insula-
tion in bushing is at the same temperature. Bushings typically have 
big thermal capacitance, and in laboratory conditions will equali-
ze to their ambient temperature after 3 – 5 hours. This is a reason 
why using those curves while bushing temperature is dynamically 
changing introduces some error.

IV. Case Study
A hydropower plant in Croatia, commonly used during peak 

loading, has three generators and step-up transformers. The low 
voltage side of each transformer is connected to its generator, and 
the high voltage side of transformers is connected to 110 kV busbar. 
A single line diagram is given in Fig. 5.

Fig. 5. Simplified single line diagram of powerplant

All three transformers were manufactured by the same com-
pany and equipped with OIP bushings of the same type and manu-
facturer. Transformer T1 was manufactured and commissioned in 
the year 2000 and transformers T2 and T3 in year 2004. Transfor-
mers T2 and T3 still have originally installed OIP bushings, while 
the bushing in phase U on T1 was replaced in the year 2017 (due 
to elevated dissipation factor) with a bushing manufactured in the 
year 2004 supplied as a spare one. 

Table I 

Production Years of Bushings

Phase Transformer T1 Transformer T2 Transformer T3
U 2004 2004 2004
V 1999 2004 2004
W 1999 2004 2004

Considering the age of the installed bushings, the utility de-
cided to install a bushing and transient overvoltages monitoring 
system in 2020. Since transformers are usually switched on only 
for several hours a day, and rarely more than one-week, bushing 

bushing parameters and error caused by grid imbalance. 
 

∆𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝐶𝐶𝐶𝐶0

= ∆𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟
𝐶𝐶𝐶𝐶0

+ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶_𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺     (1) 

∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = ∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟 + 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇_𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺     (2) 

In case of an unbalanced load or a fault in the grid, false alarms can appear because the angle and amplitude of grid 
voltage phases can change. To minimize those issues, algorithms use long averaging and other statistical analysis. Long 
averaging affects the response of the system which can be days or weeks. But even with that, there are cases where those 
algorithms do not provide satisfactory results and other methods must be used. 
 
The other two methods previously mentioned in Fig 3 are reference based. These are VT (voltage transformer) or dual 
transformer methods. Measurements from a reference object, VT, or another transformer connected on the same busbar, 
are used to compensate for grid imbalance. Reference methods significantly improve dynamic response, accuracy, and 
reliability of measurement since previously mentioned conditions are no longer required. 
As can be seen in Fig 3 B) and C), all signals from the device under test and reference object are connected to the same 
acquisition unit. This simplifies the synchronization of measurements from reference object and device under test but at 
the same time complicates cabling and introduces problems such as ground isolation. Very often there are no free 
secondary terminals of VT or other transformer in a substation, or they are far away from the device under test. Because 
of these, in many cases, utilities decide to implement the simplest method (three-phase bank) despite its drawbacks.  
 

III. NOVEL MONITORING METHOD 

A variant of the reference method was developed that can be used for upgrading existing systems using three phase 
method without additional expenses and added complexity. The system uses already existing digital infrastructure such 
as LAN to synchronize distributed acquisition units and share measurement data used for compensating grid imbalance 
problems. Reference acquisition unit can be another bushing monitoring system or other third-party devices such as a 
power quality analyzer or SCADA. It is only important that it measures voltages and phase angles on the same busbar 
and that can provide data digitally. 

 
Figure 4: New variant of the bushing monitoring reference method 

Usual communication in monitoring systems is only one way. The monitoring system sends data to SCADA and does not 
receive any data from SCADA or other monitoring systems connected to SCADA. Existing infrastructure was used to 
establish bidirectional communication between all interconnected devices. Each monitoring system sends its 
measurements to other systems in LAN and receives data from them and SCADA.  

Each unit has an operating three phase bank method used for bushing monitoring and calculates capacitance and 
dissipation change. Systems share calculated values, voltages, phase angles and top oil temperature readings with other 
systems in the same LAN. Grid imbalance compensation is performed as simple subtraction between monitored bushing 
and its reference bushing on another object operating on the same busbar. As the error produced by grid imbalance is the 
same on both the device under test and the reference object, it is canceled in subtraction. The example below explains 
that calculation in detail for dissipation factor measurements.  

∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐺𝐺𝐺𝐺𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 = ∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟,𝐺𝐺𝐺𝐺𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 + 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇_𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺   (3) 
 

∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇_𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 ,                where ∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟,𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 0 (4) 

bushing parameters and error caused by grid imbalance. 
 

∆𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝐶𝐶𝐶𝐶0

= ∆𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟
𝐶𝐶𝐶𝐶0

+ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶_𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺     (1) 
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In case of an unbalanced load or a fault in the grid, false alarms can appear because the angle and amplitude of grid 
voltage phases can change. To minimize those issues, algorithms use long averaging and other statistical analysis. Long 
averaging affects the response of the system which can be days or weeks. But even with that, there are cases where those 
algorithms do not provide satisfactory results and other methods must be used. 
 
The other two methods previously mentioned in Fig 3 are reference based. These are VT (voltage transformer) or dual 
transformer methods. Measurements from a reference object, VT, or another transformer connected on the same busbar, 
are used to compensate for grid imbalance. Reference methods significantly improve dynamic response, accuracy, and 
reliability of measurement since previously mentioned conditions are no longer required. 
As can be seen in Fig 3 B) and C), all signals from the device under test and reference object are connected to the same 
acquisition unit. This simplifies the synchronization of measurements from reference object and device under test but at 
the same time complicates cabling and introduces problems such as ground isolation. Very often there are no free 
secondary terminals of VT or other transformer in a substation, or they are far away from the device under test. Because 
of these, in many cases, utilities decide to implement the simplest method (three-phase bank) despite its drawbacks.  
 

III. NOVEL MONITORING METHOD 

A variant of the reference method was developed that can be used for upgrading existing systems using three phase 
method without additional expenses and added complexity. The system uses already existing digital infrastructure such 
as LAN to synchronize distributed acquisition units and share measurement data used for compensating grid imbalance 
problems. Reference acquisition unit can be another bushing monitoring system or other third-party devices such as a 
power quality analyzer or SCADA. It is only important that it measures voltages and phase angles on the same busbar 
and that can provide data digitally. 

 
Figure 4: New variant of the bushing monitoring reference method 

Usual communication in monitoring systems is only one way. The monitoring system sends data to SCADA and does not 
receive any data from SCADA or other monitoring systems connected to SCADA. Existing infrastructure was used to 
establish bidirectional communication between all interconnected devices. Each monitoring system sends its 
measurements to other systems in LAN and receives data from them and SCADA.  

Each unit has an operating three phase bank method used for bushing monitoring and calculates capacitance and 
dissipation change. Systems share calculated values, voltages, phase angles and top oil temperature readings with other 
systems in the same LAN. Grid imbalance compensation is performed as simple subtraction between monitored bushing 
and its reference bushing on another object operating on the same busbar. As the error produced by grid imbalance is the 
same on both the device under test and the reference object, it is canceled in subtraction. The example below explains 
that calculation in detail for dissipation factor measurements.  

∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐺𝐺𝐺𝐺𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 = ∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟,𝐺𝐺𝐺𝐺𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 + 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇_𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺   (3) 
 

∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇_𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺  ,                where ∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟,𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 0 (4) 

Fig. 4. New variant of the bushing monitoring reference method

Since it is very unlikely that bushings on both reference and device under tests, have elevated dissipation factor for same 
value and at the same time, one of measured values consists only of error generated by grid imbalance and other consist 
of error generated by grid and real change of bushing dissipation factor. This is shown by equations 3 and 4.  

   ∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟 = ∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐺𝐺𝐺𝐺𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 −  ∆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝛿𝛿𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐺𝐺𝐺𝐺𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅             (5) 

Subtraction of those two equations gives final equation 5 where error produced by grid is canceled. The same principle 
is applied for capacitance measurements and gives the following equation. 

 ∆𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟
𝐶𝐶𝐶𝐶0

= ∆𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷
𝐶𝐶𝐶𝐶0

− ∆𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅
𝐶𝐶𝐶𝐶0

  (6) 

However, the key factor for subtraction is that measurements are synchronized and that bushing temperatures are more 
or less equal or different but stable. Different temperatures between objects can be compensated using thermal 
compensation curves retrieved from bushing manufacturers [3] but keep in mind that those curves are valid only for static 
temperature, where all insulation in bushing is at the same temperature. Bushings typically have big thermal capacitance, 
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monitoring three phase bank method was not an appropriate choice 
due to the slow response time. 

The installed monitoring system (Končar TMS) was upgraded 
with the previously mentioned algorithm without the need for any 
hardware upgrade. The algorithm enabled canceling grid imbalan-
ce impact and provided a much faster response than commonly 
used algorithms with long averaging buffers and slower responses. 

V. Monitoring Results
Since the monitoring system was installed on three transfor-

mers, a total of three pairs (as presented in TABLE II) of devices 
under test and reference objects were able to be monitored.  In that 
way, each bushing monitoring has two reference objects for cance-
ling grid imbalance. 

Table II 

Dual transformer compensation pairs

Pair Device under test Reference object
T1 vs. T3 T1 T3
T2 vs. T3 T2 T3
T1 vs. T2 T1 T2

Theoretically, it is possible to create 6 pairs, for example, T1 vs 

T3 pair can also be presented as T3 vs T1 where the device under 
test and reference object source swap places. In that case, the result 
is the same but with the opposite sign. Considering that dissipation 
factor and capacitance can only increase over time, negative re-
sult points that monitored parameters of the reference object have 
changed while positive result points that parameters of the device 
under test have changed. Having two references for each object is 
not mandatory but in this case it is important because it can be used 
to prove that the algorithm is effectively canceling grid imbalance 
and is not generating false positive alarms. For example, the pair 
of reference and device under test objects, whose bushings are in 
good condition, should have constant values of capacitance and 
dissipation factor over time.

Fig. 7 shows dissipation factor measurements for bushing on 
phase V for all pairs of DUT and reference objects. Over the 
displayed period, the top oil temperature was changing in the 
same manner on all three units. However, the bushing dissipation 
factor showed elevated levels and dependency versus temperature 
for T1 vs. T3 and T1 vs. T2 pair. The maximum measured 
dissipation factor change was 0.4%. That indicated that something 
was going wrong with the bushing on phase V on transformer T1. 
Values for pair T2 vs. T3, marked red on the chart above, did not 
change at all, which points that bushings on T2 and T3 are in good 
condition and proves that the algorithm effectively cancels grid 
imbalance impact and is not generating false alarms as previously 
explained. 
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Dissipation factor change is plotted against the top oil tempe-
rature for all three pairs and is shown in Fig. 8. It is now clear that 
bushing has altered dissipation factor thermal dependency which 
can point to moisture ingress. Dissipation factor temperature de-
pendency is usually proven using offline measurements on low 
frequencies or by thermal cycling in laboratory conditions. In the 
summer of 2022, all bushings were checked using an offline met-
hod which proved the results obtained by the monitoring system. 
The bushing on phase V of the T1 transformer had a dissipation 
factor of 0.85% and it was immediately replaced with a new spare 
bushing. The utility provided faulty bushing for further postmor-
tem analysis to prove our assumptions.

Additionally, over two years of operation, the system recorded 
multiple transient overvoltage and disturbance events including li-
ghtning strikes in overhead lines. This adds value to monitoring 
systems by enabling maintenance personnel insight into real ope-
rating conditions of bushings and transformer itself and provides 
valuable data for grid modelling.

Fig. 9 shows waveforms recorded during a lightning strike in 

the overhead line which caused 3 pole short circuit. After approxi-
mately 60 ms, automatic recloser reenergized the line. The event 
correlates with SCADA and LLS (lightning location system) 
records.

VI. Postmortem Analysis
The faulty bushing was taken to a laboratory for postmortem 

analysis. It was suspected that moisture in the insulation caused 
a dissipation factor increase and altered temperature dependency. 
Bushing was tested using offline method and thermally cycled in 
the climatic chamber from 20 to 80 °C in steps of 10°C. The bushi-
ng temperature was measured using a thermocouple on the bushi-
ng flange. After each step or increase in ambient temperature, the 
bushing was left for four to five hours till its temperature reached 
stagnation. After that bushing dissipation factor and capacitance 
were tested with 2 – 12 kV voltage at 50Hz frequency and by 15 – 
400 Hz frequency at voltage level of 2kV.
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Fig. 10 B) shows dissipation factor temperature dependency 
for various levels of moisture content [4] in comparison with me-
asurements on faulty bushing (DUT). As moisture increases, the 
dissipation factor rises, and the saddle of the curve tends to shi-
ft to lower temperatures. Dashed curves are taken from bushing 
OEM datasheets and a solid pink curve was measured on faulty 
bushing. That proves the elevated level of moisture content. Fig. 
10.A) displays the compensation factor for thermal compensation 
of dissipation factor measurements. The blue curve is taken from 
the manufacturer’s datasheet and is valid only for healthy bushing. 
The red curve shows measurements for faulty bushing.

Fig. 11. Dissipation factor versus frequency

Since the dissipation factor measured at low frequencies is 
more dependent on moisture, those measurements are used to pro-
ve moisture ingress. Fig. 11 shows elevated values of dissipation 
factor at low frequencies which also points out that the bushing 
dissipation factor increase was caused by moisture ingress.

VII. Conclusions
The presented method provided several improvements over the 

simplest three phase bank method. It improved its reliability and 
provided up to a hundred times faster response. The faster response 
of the system enabled measurement of power factor temperature 
dependency which can be the earliest sign of moisture ingress in 
bushing and was not seen with other bushing monitoring algo-
rithms. When compared with other reference methods, it has lower 
complexity and cost of implementation. It also provides a possi-
bility for simple upgrades of existing monitoring systems using 
three phase bank method. Nevertheless, please note that even with 
these upgrades, the results of an online system cannot be literally 
compared with offline measurements since operating conditions 
during measurements differ significantly. Online and offline mea-
surements should be considered as complementary methods. A re-
liable monitoring system should be used to trigger bushing offline 
measurements and enable true condition-based maintenance. 
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Is Nuclear Fusion Losing the Race with Global 
Warming?

Vladimir Knapp, Nikola Dragić

Summary — According to plans for development of fusion energy, 
the first stage is construction of device tokamak ITER [1] with main 
task of establishing burning gas plasma with required stability and 
duration. This stage should be accomplished by 2035, starting in 2005. 
The next stage should be the construction of complex DEMO [2] with 
the task of producing all the equipment for energy production and 
finally producing large amounts of carbon free energy. We do not 
want to make predictions on the outcome of fusion program, wishing 
the final success to the thousands of scientists and engineers who are 
contributing to this heroic effort.   However, there are reasons to think 
(Seife [18], Stork [7]) that the time is too short. Starting with a planned 
date of end of work with ITER by 2035, we estimate that one needs to 
add 25 years for development of DEMO. We cannot see production of 
fusion energy before 2060. However more reliable energy sources are 
recommended when our existence is in question. We have problems 
with remarks by Stork and Seife. If solar, wind and hydro energy, and 
nuclear fission with high safety reactors can be deployed earlier than 
fusion, it must have a preference.

Keywords— nuclear fusion, DEMO, ITER, tokamak, nuclear fissi-
on, PWR, molten salt reactors, solar energy, OTEC, global warming, 
climate change

I. Introduction

Planning a concise observation, it is firstly to mention on in-
formation that ITER project with tokamak-type devices and 
the realization of the fusion reaction is planned to be achie-

ved in 2035. Here, it will not be widely commented on this time 
projection, convinced that it is in the nature of scientific work that 
the outcome cannot be precisely determined. This article and our 
considerations are limited to tokamak systems and do not consider 
inertial systems due to unsolved problems of required high repeti-
tion laser.

 Tokamak is the way of stabilizing plasma by combi-
nation of two magnetic fields, one along the axis of symmetry 
of the torus and the other field perpendicular to it, Figure 1. 
Tokamak is the Russian name for a type of fusion device that 
became dominant in the 70s when the stability of the plasma 
in a closed toroid was improved by several orders of magni-
tude. In tokamak device plasma is confined using helical ma-
gnetic field being sum of poloidal magnetic field component  
 

(toroidal plasma electrical current and poloidal external coils) 
and toroidal magnetic field component produced by external to-
roidal field coils, Figure 2. Injected neutral particles and ions and 
radio-frequency excitation are used for plasma heating.

 

Fig. 1. Schematic diagram shows a transformer in which the secondary 
coil represents the burner heater. The main coil produces a toroidal field 
Bθ, the smaller one produces a perpendicular Bϕ  to the main field. 
 

 
Fig. 2. ITER Tokamak magnetic field lines for plasma confinement, 
plasma major radius 6.2 m [28] (Figure source: https://www.iter.org/)

Based on the scientific knowledge on the ITER project, the 
way will be to bring the project to the end, that is, to prove that is 
possible to achieve stable plasma with ITER at sufficient tempe-
rature and plasma density, or, alternatively, to give a convincing 
denial. Therefore, it is likely that there still will be work on the 
fusion project with a lot of research even after the work on ITER 
is finished. That is why it is good that the dates in the DEMO 
project resulting from the Fast track strategy, the rapid deve-
lopment of fusion to energy production, were omitted. After the 
mastery and successful control of the fusion reaction in ITER, 
the development of the DEMO device aiming achieve energy 
production follows. In this phase, there is a lack of definiteness 
in the final phase for the same reason, requiring progress in se-
veral independent directions. It is about the introduction of many 
components in the chain from nuclear heat exchange to the con-
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version into kinetic energy of rotation with extreme and simulta-
neous demands on superconductors as well as on the physics of 
high-temperature plasma. The problems to be faced in DEMO 
phase relate primarily to material properties and changes under 
long-term radiation with high doses of radiation.

This view of research priorities in nuclear fusion is based on 
years of monitoring the development of research due to the impor-
tance of fusion energy. Completion of the first phase and conditi-
ons for the realization of the fusion reaction implies a sufficient du-
ration of stable plasma with the necessary gas plasma density. This 
should be achieved by 2035 according to the latest report of the ge-
neral director of the ITER project [3], Bernard Bigot who recently 
passed away, replaced as Director general by Pietro Barabaschi.

This report is the official and authoritative document on the 
progress of work on the international ITER fusion development 
program. It is a major project that continues the development of 
the concept of the most successful magnetic plasma confinement 
in toroidal geometry to date. In this paper we do not consider alter-
natives to tokamak configuration before 2035.

We must give a good try to the most promising concept              
which was developing over several decades. After such studies 
promising good results, it would not be difficult to put the blame on 
a too early decision to start with a big project rather than with more 
science of plasma burning. However, the time for producing the 
results was short and limited. The choice was between the assumed 
initial successful operation of ITER as could have been achieved 
by 2035, and some promising but untried new geometry.

Our understanding is that alternative devices after 2035 should 
be oriented to use of developments applying the maximum use of 
DEMO technology. An entirely different approach would prolong 
the road to fusion and be deleted for this reason. We are about to 
see one of the most expensive but understandable mistakes in sci-
ence, due to the pressure of date.

The authority and the science behind one of the largest interna-
tional projects cannot be underestimated. But also, the question of 
a great new source of energy without the emission of greenhouse 
gases remains unanswered. Global warming threatens to seriously 
endanger humans within 20-30 years [4], which is shorter than the 
time in which we can make a decisive contribution to combating 
global warming if society does not mobilize without delay. When it 
comes to other, faster ways, we think it is interesting to look at the 
development of the usage of sea heat based on new estimates of the 
economics of OTEC [5]. OTEC could be used with double benefits 
of cooling the hot southern shores of the Mediterranean while pro-
ducing hydrogen from sea heat. A number of solar heat conversion 
installations exist in tropical seas, and the economics change with 
rising temperatures. Mediterranean regions with warmer sea can 
be interesting. When it comes to endangering survival, it should 
be emphasized that the degree of endangerment depends on the 
immediate situation; large areas of Africa and Asia will be most 
exposed due to climate extremes and under development and po-
verty. Those regions require priority. But even rich countries such 
as the USA and Canada cannot resist a rise in global temperature 
above three degrees for a long time when the action and activation 
of feedback positive links such as the melting of the Antarctic ice, 
the melting of the Greenland ice, the melting of permafrost and 
the release of methane, large fires, conditions for the creation of 
hurricanes, for which the sea is warmer than 27ᵒC.

II. Recent work on magnetic confinement fusion
The recent report on fusion work is in the publication SOFT 

32nd Symposium on fusion technology was held September 18-23, 
2022, in Dubrovnik, Croatia [6]. The symposium provides fresh 

information on the development and construction work of new 
equipment for tokamak. Before the last SOFT F4E conference, 
eight large superconducting toroidal and three poloidal coils for 
ITER were manufactured, among others. These are the valuable 
contributions of hundreds of papers from which one can have in-
formation about progress on the broad front of efforts to step by 
step approach the stage goal of mastering the fusion reaction. Of 
course, this is not the place or space for a more detailed comment 
on present the development of fusion, but it can be concluded that 
it is taking place in accordance with the plan of completion of 
ITER in the planned period by 2035. A long-term comprehensi-
ve program for the development of fusion energy, including the 
estimate of helium reserves, prepared by Derek Stork [7] allows 
these necessary systematic contributions to be placed in the group 
of necessary research.

Unfortunately, the short-term influence of nuclear magnetic 
fusion is unlikely, but in the long-term it is possible. The fusion 
device is necessarily large, like ITER, or slightly larger, due to the 
principled impossibility of achieving a stable plasma on small de-
vices. In addition, we demand the simultaneous development of 
both low temperatures and the physics of high plasma temperatu-
res. In addition to the well-known problem of plasma stability, we 
have one major problem, in inadequate resistance of materials to 
large doses of radiation. A problem which DEMO has to solve is 
the development of radiation and heat resistant materials. A critical 
spot for fusion with tokamak magnetic plasma confinement is ra-
diation damage to the first wall of the chamber where the plasma 
burns. The key question is whether the first wall will be sufficiently 
resistant to ionizing radiation to withstand a huge neutron flux of 
energy 14.3 MeV, of the order of several times MW/m2. The fusion 
power plant would necessarily be large, if we do not want to lose 
the advantage of a smaller radial change of the magnetic field. But 
the dimensions of ITER are probably a balanced upper limit for 
a project financed from the funds of quite a number of influential 
participating countries [8].

Present choices for the construction of large system elements 
should be supported in general but the justified warning by Seife 
[18] should be given due attention. The design power of ITER 
is 500 MW, with a major plasma radius of torus of  over 6 m, 
a large construction, and a costly investment. Considering the 
dimensions of ITER, the starting point of design could be the 
upper limit for the load on the first wall of the radiation chamber. 
Design value determined by many considerations, is energy flux 
around 10 MW/m2. If the first wall is to have a durability of 4 
to 10 years, a comprehensive analytical study by 2009. Derek 
Stork [7] assumes a replacement time of five years and a repla-
cement operation taking two years1. As can be seen, the essential 
characteristics of magnetic fusion device are closely related. A 
detailed consideration of the complex relationships of the main 
characteristics of the fusion power plant with tokamak magnetic 
limitation resulted in balanced, desirable, and physically accep-
table design values of the dimensions and power of the power 
plant. Values are the result of numerous compromises dependent 
on future technological development. Long-term guidelines for 
this development and key dependencies are provided so that this 
study has lasting value.

We must consider the increasing possibility that fusion deve-
lopment cannot be done in time for global warming interventi-
on, which means that we cannot use it before 2065 (2035+25+5, 
+required time to bring the plant to efficient operation, our esti-
mate based on years of work with fission), based on the assump-
tion that the DEMO device can be effective for operation in 
2065. This commissioning date was obtained by adding 25 years 
to the information on the completion of work on ITER by 2035. 

1 It is too early to predict developments in solid states as far as 30 years in future.
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We will be able to determine the reality of this assumption only 
sometime after 2040. Considering the planned serial constructi-
on of fusion power plants, we must be prepared for delays. There 
could be various reasons for the delays. The first is in plasma 
combustion control. The DEMO device could be delayed, for 
several possible reasons, such as the unsatisfactory behavior of 
structural and other materials. As in fission many defects will 
show only in long use. Radiation would cause the change in 
mechanical properties, in fragility and strength and other mate-
rial characteristics. For DEMO, the planned power per unit area 
of the active exposed electrode is about ten MW/m2, which is a 
huge intensity of radiation, dominantly produced by neutrons of 
energy 14.3 MeV. The second category of changes are changes in 
physical and chemical properties due to the activation of materi-
als under massive radiation with 14.3 MeV neutrons. This again 
results in enormous, induced radioactivity, both in constructive 
materials and in most other materials. Considering a series of re-
lated project sizes, a projected surface load of 0.1 to 0.3 MW/m2 
was chosen, which corresponds to the total projected maximum 
power flow of 500 MW from ITER.

To build a complex development as DEMO in 10 years is an 
impossible task. If we add 10 years, probably yes, but what do we 
have? It is difficult to imagine a more complex device, which is 
essentially dependent on the operation of all components, than the 
fusion power plant. The operational problems can be solved too, 
but that could take a much longer time. The operation of a fusion 
power plant would require special protective measures due to the 
super-intense neutron radiation. In the initial phase of operation of 
superconducting magnets, it would be necessary to have a number 
of low-temperature laboratories, equipped for quick interventions. 
Materials resistant to mega doses of neutron radiation, which have 
yet to be developed, are a much bigger problem. Assuming series 
of about 50 fusion power plants in operation, it would not essen-
tially contribute to the solution of global warming, as it would be 
accompanied by frequent stoppages. Such a situation is expected 
based on the experience from the early days of fission power.   

The construction of fusion power plants DEMO can be 
expected in the years around 2060, by being technically com-
plete. But from the “utility use” point of view, users should see 
which of the utilities requirements for security and economy are 
acceptable or enforceable. This could cause indefinite delays. In 
Derek Stork’s analytical study [7], the problems encountered du-
ring the construction of devices that belong to the DEMO circuit 
are systematically and thoroughly discussed, in as much it could 
be done without final dimensions of DEMO. The DEMO device 
is generically closely related to the development of ITER in the 
sense that there are many related developments when the main 
goal is to achieve the fusion reaction. The current perspective is 
that fusion will be expensive, relative to fission, at least becau-
se of the additional systems for heating the plasma and cooling 
the magnets. The operation of cooling devices must be reliable 
for long periods in an intense neutron flux. Operation at nomi-
nal fusion power should be demonstrated and verified over an 
extended period. An important parameter, beta [7], closely rela-
ted to the strength of magnetic field, must be within the design 
limits according to DEMO design. Resistance to mega doses of 
radiation will be possible to check with a specially developed 
high-current neutron generator to be completed before 2035. 
DEMO should monitor production of tritium, the change in beta 
value during the operation of the power plant, and all other com-
plex manipulations with the divertor2.  It would serve to react 
to unexpected changes in the beta value. One has the impre-
ssion that too many development problems were transferred to 

2 Electrode especially exposed to radiation, a structure from the combustion 
chamber, most exposed to radiation.

DEMO phase. Important results are expected from the Japanese 
tokamak JT60-SA, smaller device of tokamak type, for suppor-
ting ITER research. The development of tungsten divertors is 
expected. A significant contribution to development is expected 
from the introduction of new high-temperature superconductors.

It is to be aware of many problems and difficulties that have 
arisen, recently described in Charles Seife paper [18]. Even in a 
case that they are resolvable, they will require a lot of time for 
more demanding structural changes. The long-term perspective 
of the proposed changes is to be considered.

The general impression after reviewing the plans is that it lea-
ves many important questions insufficiently determined, which is 
understandable given more than ten years since the publication of 
Stork’s analytical text from 2009 on fusion with magnetic toroi-
dal confinement. Considering that it will take from the concept of 
ITER to its final form in some thirty years, by 2035, our estimates 
that the work on DEMO will be completed and operational within 
25 years, or up to 2060, seem optimistic.  We believe that there are 
still too many open problems in the development of fusion on the 
way to an economical carbon free energy source, to be understood 
and accepted as a solution to global warming. We suggest that the 
burden of deadlines should be removed from the fusion project and 
that it would be free for new approaches that could have a chance 
to be successful in the battle against global warming. A combina-
tion with fission could be lifesaving for tokamak fusion by exten-
ding development time. We believe that the space for new ideas 
in energy production is decreasing, and the rich source of nuclear 
fission energy has been ruined by politics.

Nobel prize winner Noel-Baker conducted an early survey 
[9] of these unfortunate years. But for intervention by Stalin at 
Peace conference of 1946 the evil spirits of nuclear war would 
remain closed. The scientist’s words of warning would not be 
listened to. We may recall the greatest blunder committed at 
the UN peace conference in 1946. Generous offer (Baruch plan) 
[13] by USA at UN conference in 1946, to place nuclear energy 
under UN control (IADA), International Atomic Development 
Agency. Refused by Soviet Union (already developing nuclear 
weapons with help of German scientist Claus Fuchs). This mar-
ked the beginning of the nuclear arms race. These are the most 
regrettable acts in the history of the last century. It resulted in 
the most dangerous nuclear arms race between the United States 
and the Soviet Union during the Cold War. By the 1970s the arms 
race was in full swing driven by military logic, almost leading to 
the destruction of our world.

The vast amount of physical energy, instead of being the ba-
sis of well-being for all, has become the threat of destruction for 
all. But despite the long-term problems with fission, especially 
with nuclear proliferation, nuclear fission benefices interventi-
on is possible at least 20 years earlier than with fusion, which 
makes an essential difference in the fight against global war-
ming. We must accept some long overdue decisions when using 
low enriched uranium. We are using low enriched uranium in 
many thousands of tons in peaceful use of nuclear energy. The 
US design of PWR reactors with containment building gives 
the annual probability for heavy damage to the reactor as low 
as 10-8 annually which is a high level of safety even by nuclear 
standards. Apart from the possibility of a person or group fin-
ding the way to doomsday cabinet, we are facing the certainty 
of horror and mass dying due to climate change. We should and 
must make the difference between uncontrollable forces of na-
ture advancing and threatening to end the human race, and the 
risks that are small and controllable. 

If there is a chance with the proposed intervention fission 
program, then any following and further development will be 
enabled.
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III. the Construction of intervention fission 
power plants As a reliable and proven 
technology

The development of fusion power plants will experience simi-
lar problems as the development of fission power. It took many 
decades to develop safe fission power plants. At the same time, 
fission power plants are significantly simpler than fusion power 
plants because of the absence of complex devices for heating the 
plasma and cooling the magnets to low temperatures. Various de-
fects with structural and other materials were discovered and lar-
gely resolved by monitoring the operation of fission power plants 
over many decades. It would be possible to build a series of about 
one hundred fission power plants as an international project in the 
next decades (2024+10+40, start of construction and operation), 
starting with 10 years of preparation and construction of the first 
power plant and ending by the completion of the construction of 
the last power plant during 2063-2065. At least half of these power 
plants could enter operation by 2050, and most by 2063-65.

With reliable technology and construction systems developed 
over decades, this endeavor can be accomplished and repeated 
using construction with established practices. There are numerous 
researched locations available for fast construction. The building 
of the fission power plant should not last longer than five years (the 
present situation is that many projects were experienced unjustifi-
ed delays). This experience does not exist with new fusion power 
plants. The scientific and development capital invested in nuclear 
fission energy for 80 years is a unique example of development 
with different motives in different world regions, but which contri-
buted to that magnificent undertaking started with the Manhattan 
Project in the forties of the last century in which leading American 
and world scientists participated. Unfortunately, politics turned that 
development into a nuclear arms race, but now there is an oppor-
tunity for nuclear fission energy to return with an essential con-
tribution to the solution of the problem of global warming. Now 
that climate change is on the rampage, every year we gain, counts. 
Nuclear fission power plants could be in operation starting in 2034, 
which means at least some 20 years earlier than the operation of 
the first fusion power plant. Failure to act in a timely manner will 
result in an unavoidable climate catastrophe. We could gain at least 
20 critical years before nuclear fusion could be ready. Who can 
accept responsibility for delaying feasible counter measures with 
proven construction of very safe fission power plants? The posi-
tion of accepting the risks of fission energy instead of inevitable 
climate catastrophe has been discussed for many years in particu-
larly eloquent words by James Lovelock [10] and Jim Hansen [11], 
leading world scientists concerned in survival.

We hope that a subjective risk assessment can change signi-
ficantly now that we are already witnessing the rapid onset of 
disruptive climate chaos. We should understand that each year 
closer to 2070, we expect to see substantial changes in planned 
fusion energy production. Generally, we can have doubts about 
long energy projects starting in these years to be completed be-
fore next century. Such a planning in the next century is questi-
onable for most long-term projects. Hope to be wrong in this 
pessimism but it takes some imagination to guess what is in the 
store for us.

Close to 440 nuclear power plants are in operation today. The 
last major accident involving PWR (Pressurized Water Reactor) 
[17] core meltdown happened in 19793 when a very small fracti-

3 Most serious accident on PWR plant occurred on the reactor from the Three Mile 
Island in 1979. Pressure vessel internals suffered heavy damage from partly molten 
reactor core, but only very small part of radioactivity escaped beyond the border 
of power station. In years later many improvements on containment building have 
additionally increased safety.

on of radioactivity escaped over border of the plant. Since then, 
safety of the PWR reactors has been vastly improved and the 
escape of radioactivity from massive containment is practically 
impossible. The advantage of PWR type reactors is that due to 
the relatively compact pressure vessel and the steam generators, 
they all could be placed inside very safe containment building. 
Radiation escape should satisfy the strictest regulations. There is 
only one of the possible sources of non-fossil energy, apart from 
abundant solar energy which needs much faster development. 
The next series of fission based power plants may be based on 
thorium reactors which are from this year in testing mode in 
China with a plan for more massive commercial use in following 
decades soon after the test phase [21]. The thorium or molten 
salt reactors which are promising to be more cost effective and 
less technical demanding with less impact on the environment 
providing additional safety [22].

We are entering a phase where more urgent measures are 
needed, but the available selection of sources is more limited.

Nuclear fission is ready and available to use while nuclear 
fusion is developing.  Who could accept the responsibility of not 
supporting the construction of the first hundred safe and reliable 
nuclear fission PWR power plants that could be put into operati-
on starting in 2034. That would be at least precious twenty years 
before the first fusion power plant could enter operation.  

IV. Conclusion
Nuclear fission as a reliable and proven technology can help 

save the earth from climate change consequences before full-scale 
fusion energy is developed. We believe that this introductory text is 
correct in assessing the perspective of fusion. A positive outcome is 
possible with the ITER project and would be sufficient to support 
continued development of fusion. It is suggested to remove the de-
adlines for achieving the commercial production of fusion energy, 
and in the meantime to use sources without CO2 emissions, inclu-
ding safe fission, under the control of the IAEA. The need to inten-
sify the development of solar energy in all its forms exists, inclu-
ding ocean heat, independent from day-night cycle. As an example 
of what could be achieved by determined effort in years, we propo-
se to put one hundred nuclear fission power plants into operation 
in the period 2034-2063/65. Highly developed intervention fission 
power plants of PWR type with pressure containments could enter 
operation at least twenty years earlier than fusion, which would be 
precious years in the battle against global warming. If fusion fails 
or is too late to use, no one can object to continued use of fission 
energy to counter the cause of global warming [19] [20]. Recent 
articles on global temperatures rise telling 2023 is the hottest year 
on record, with global temperatures close to the 1.5°C limit, Co-
pernicus [25], do not give the optimism as well as the recent text 
on future of the fusion, P. Sutter [26]. If closing to date of decision 
when it must be clear that a chance of fusion source is seriously 
delayed beyond the chance to continue meaningful efforts to stop 
global warming, we have to acknowledge that clearly. The length 
of preparation period should be at least several years, but it cannot 
be shorter than five years (before 2055).
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